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Some principles for the design of commodity-taxes are derived, when they are employed
for correcting externalities in addition to meeting the conventional revenue and redis-
tributive objectives of the government. With production externalities, production ef-
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duced by them in manufacturing chains that include the externality-generating goods,
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that generate externalities, or (iv)some combinations of (i)—(iii). Second-best consump-
tion taxes have two independent and additive components: (a)a conventional equity and
efficiency-balancing “many person Ramsey rule”(MPRR)-based VAT or GST and (b)an
“externality-correcting” excise duty. The externality components of both consumption
and optimal intermediate-input taxes are linked and cannot be chosen independently, al-
though there exist several degrees of freedom in selecting them at a second-best. The
optimal VAT is zero for commodities with indirectly-derived demands such as electricity,
motoring-fuel, and road-services. The input-tax credit to a producer, who pays retail price
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Some principles for corrective taxation of externalities
in a second-best world.

by
Sushama Murty

1 Introduction

In two seminal articles, Diamond and Mirrlees (1971 a,b) (henceforth, DM) resurrected Ram-
sey’s (1927) work on optimal commodity taxation and demonstrated that, when commodity
taxes have to be employed in lieu of personalised lump-sum transfers as second-best instruments
of revenue generation and redistribution by the government, then the optimal commodity tax
structure satisfies the many person Ramsey rule (MPRR) and results in an allocation that is
production efficient.

Balancing the equity and efficiency considerations, the MPRR recommends a system of dif-
ferential taxation of commodities depending on (i) how their total consumptions are distributed
between different consumers, (ii) the society’s marginal valuation of welfare levels and abilities
to pay of different (e.g., rich and poor) consumers, and (iii) the differential responsiveness of
tax payments of consumers to tax-induced changes in their real incomes. Production efficiency,
on the other hand, is a feature of first-best Pareto optimal allocations that is also retained by
second-best optimal allocations attained under commodity taxation. There are three key as-
sumptions in the DM framework that underly this result, the first two of which are technological
constant returns to scale and local Pareto non-satiation.! Extending the Diamond and Mirrlees
framework to incorporate technological non-increasing returns, Dasgupta and Stiglitz (1972)
demonstrated that production efficiency continues to be desirable in second-best economies
with commodity taxation if the government can also implement a system of firm-specific profit
taxation. A more general result is obtained in Murty (2013), which distinguishes between the
profit taxation power of the government and the institutional rules of distribution of profits to
consumers in the economy. It is shown that second-best production efficiency is desirable when
the two are well-aligned.

The DM theoretical results characterising an optimal system of commodity taxation have
greatly influenced the design of modern-day commodity tax structures such as the value added
tax (VAT) or the goods and services tax (GST) and the retail sales tax (RST). While ad-
ministrative and monitoring constraints restrict the number of commodity tax rates that can
practically be implemented under these systems, it is desirable that even the few rates that
end up being implemented should, in principle, be chosen keeping in mind both equity and

efficiency considerations as noted by the MPRR.? Modern-day tax structures are also designed

ntuitively, local Pareto non-satiation holds when the government has access to policy instruments, such as
a uniform lump-sum transfer or a commodity tax on a commodity that is universally liked, which it can use to
increase welfare of all consumers whenever it finds itself in a situation where its budget is in surplus.

2Tax policies in many OECD countries are converging to tax systems with very few VAT rates, if not a



to incorporate the principle of production efficiency, e.g., under the VAT, taxes paid by firms
on their purchases of inputs are credited back to them, while the RST is assessed only on
transactions between firms and consumers.

The third key assumption of the DM (a) analysis is the absence of externalities. It is well-
known that, even in first-best worlds, conditions for Pareto optimality are modified in the
presence of non-rival (public good-type) externalities.® Implementation of a Pareto optimum
in a market economy with the help of fiscal instruments requires Pigou (commodity) taxation/
subsidisation of the externality in addition to personalised lump-sum transfers. When the
latter instruments are not available, Ramsey commodity taxation can step in to serve all three
purposes of governmental revenue generation, redistribution, and externality correction.

There is a considerable theoretical literature that studies externality policies in second-best
frameworks. Works such as Sandmo (1975) and those in the literature on double dividends,*
study externalities generated by consumers that affect the well-being of consumers in a world
where all consumers are identical and technologies exhibit constant returns to scale. As dis-
cussed in DM, in such models with consumption externalities, the second-best optimal com-
modity tax structure continues to exhibit production efficiency; so there continues to be no role
for intermediate input taxation at a second-best optimum. The main result of this literature is
that the second-best optimal tax on a consumption externality-causing good is a sum of a Ram-
sey component whose role is to minimise the conventional dead-weight loss due to commodity
taxation and a Pigouvian tax whose role is to regulate the consumption externality.

Some important works that study the extensions of DM and Sandmo (1975) to the case of
production externalities are Mayeres and Proost (1994, 1997) (henceforth, MP), Bovenberg and
Goulder (1996), and De Borger (1996). The literature has been further surveyed with a special
focus on the transport sector by Ahlberg (2006). These works show that inter-firm transactions
in intermediate-inputs that cause externalities need to be taxed at a second-best optimum, and
that such taxes are purely Pigouvian in nature.

It is well-known that in the presence of reciprocal externalities, the appropriate definition of
a market equilibrium is a Nash equilibrium. In first-best worlds with externalities, Pigouvian
taxation of externalities along with personalised lump-sum transfers helps achieve any Pareto
optimum as a Nash equilibrium, with the optimal Pigouvian taxes ensuring that the generators
will generate the Pareto-optimal levels of externalities, whose amounts will be taken as given

by the victims. However, in much of the second-best literature on externalities that has been

uniform rate of VAT, based on a set of theoretical results (see e.g., Atkinson and Stiglitz (1976, 1980) and
Mirrlees (1976)) that demonstrated the superiority of non-linear income tax over linear commodity taxation
as a redistributive instrument. However, these results rest on the assumption that consumer preferences are
separable in consumption goods and leisure/labour. Moreover, they appear to be less relevant for a significant
proportion of the world characterised by weak institutions, a huge informal sector including agriculture that are
out of the ambit of income taxation, and large black economies. In such situations, the incentive compatibility of
the Mirrleesian income tax is jeopardised and, till such institutional constraints are removed, commodity taxes
will continue to play an important role in meeting government’s redistributive objectives. See Murty (2017).

3See for example, Baumol and Oates (1988).

4See, e.g., Bovenberg and van der Ploeg (1994), Bovenberg and de Mooij (1994), Goulder (1995), and
Bovenberg and Goulder (1996).



surveyed above, the definitions of tax equilibria employed do not imply Nash equilibria in the
externality-dimensions. As a result, while computing the net social marginal costs of external-
ities, this literature either misses out on the effects of changes in the levels of externalities on
the tax-revenue (as, e.g., in Sandmo (1975) and Bovenberg and Goulder (1996)) that arise due
to the complementarities and substitutabilities between externality-causing goods and other
goods® or includes some non-Nash like feedback effects of commodity-tax induced changes in
externalities on consumer demands (as, e.g., in MP and De Borger (1996)).

In contrast to the rest of the externality literature surveyed above, which assumes that all
consumers are identical, MP and De Borger (1996) address the redistributary role of commodity
taxes by studying economies with heterogeneous agents. Thus, their analysis extends the DM
many-person economy analysis to the case of production and consumption externalities. MP
argue that, in this case, the second-best optimal tax structure is similar to the one derived
by Sandmo (1975) for the identical consumers case, in that it is additive in nature; being
composed of (i) an externality component (which they call the net social Pigouvian tax) that
only enters the tax formulae for only the externality-causing goods and (ii) the conventional
MPRR component that enters the tax formulae of all goods. It is popularly known that the
MPRR can be expressed in terms of normalised covariances between consumption of goods
by consumers and the net social marginal utility of income to consumers.® In the analyses of
MP, as opposed to DM and Atkinson and Sitglitz (1976, 1981), the net social marginal utility
of income to a consumer has an additional component which also depends on the net social
Pigouvian tax.” Hence, for all goods, the MPRR components of the tax formulae given in MP
also depend on the net social Pigouvian tax, which seems contradictory to their claim that the
externality component enters only the tax formulae for the externality-causing goods. Thus, in
their work, both the MPRR and externality components of the optimal commodity tax rates
depend on the net social Pigouvian tax.

In addition to the assumptions made by MP, De Borger (1996) allows technological non-
increasing returns, with profits of firms being distributed to consumers in proportion to the
shares that they own in the firms. However, as his model excludes profit taxation, it follows
from Dasgupta and Stiglitz (1972) and Murty (2013) that, in De Borger’s model, minimisa-~
tion of dead-weight losses due to commodity taxation may itself require taxation of inter-firm
transactions in intermediate inputs, quite apart from the prevalence of production externalities.

An influential body of less-theoretical policy-oriented literature® that reviews and assesses
real-life policies of the government and informs and makes recommendations to it argues heuris-
tically that the government also has the option (depending, for example, on its administrative

convenience) of taxing units located upstream or downstream in manufacturing chains that in-

5These are analogous to the effects of public good production on tax revenue in a second-best world that are
discussed by Atkinson and Stern (1974).

6See, e.g., Atkinson and Sitglitz (1976, 1981).

"See equations (19), (20), and (22) of MP.

8See for instance, Barthold (1994); Metcalf (2009a, 2009b); the Mirrlees Review (2010, 2011) and the chapters
therein, especially those by Fullerton, Leicester, and Smith (2010) and Crawford, Keen, and Smith (2010);
Williams (2015); Levell, O’Connell, and Smith (2016).



clude the externality-causing goods in lieu of the externality-causing goods. This suggests that,
for the purpose of externality control, taxes on goods forming a manufacturing chain are linked
and cannot be chosen completely independently of one another. This aspect of externality-
taxation that has important bearing on design of real-life policies has not been incorporated
in existing theoretical works on optimal commodity taxation. For instance, in the numerical
application of their theoretical analysis, Bovenberg and Goulder (1996) extend their theoretical
model to include thirteen industries producing intermediate energy or material inputs. Carbon
taxation of intermediate energy inputs of coal, crude oil, and natural gas is considered, while
ignoring the fact that these goods are linked in manufacturing to outputs of other industries
that are also studied by them and which could also be alternatively taxed to control externality
generation. For example, coal is usually an input into industries such as electrical utilities,
construction, metal and manufacturing, and the output of electrical utilities is employed to run
electronic appliances used by consumers and firms; while crude oil is an input for the petroleum
refineries, whose output in turn is employed for driving motor vehicles to meet freight and other
transportation needs.

In this work, we develop a modelling and an analytical framework for a general equilibrium
study of some principles of second-best externality taxation, which address several issues dis-
cussed above. The stylised model distinguishes between intermediate input and consumption
taxation and employs a definition of a tax equilibrium that is also Nash in the externality
dimensions. This model is employed to show that second-best optimal intermediate input
taxation involves (i) direct taxation of the sale of externality-causing goods; or (ii) taxation of
non-substitutable inputs or outputs produced by them in manufacturing chains that include the
externality-generating goods; or (iii) taxation of inputs of some services which are complemen-
tary to the input usage of goods that generate externalities; or (iv) appropriate combinations
of (i) to (iii).” Thus, this work provides a theoretical foundation for the intuitive arguments
made in policy-oriented works about upstream and downstream taxation of externality.

As in MP, it is shown that second-best optimal consumption taxes involve both the conven-
tional “many person Ramsey rule (MPRR)” component and an externality-correction compo-
nent. However, unlike in MP, the former component captures only the balance between equity
and efficiency objectives of the government and is independent of the latter component. The
externality components of consumption and optimal intermediate input taxes are linked, indi-
cating several degrees of freedom in choosing them at a second-best. The MPRR component
of a commodity tax can be implemented as a VAT or GST, while its externality component
can be implemented as an excise duty. It is intuitive that, unlike in the case of the VAT, firms
should not be rebated on excises paid on their purchases of externality-causing inputs such as
motoring fuel, coal, or ozone depleting chemicals, for then it would beat the very purpose of
levying such excises, which is to control the generation of harmful external effects. We show

that the tax credit to a producer who pays retail prices (i.e., prices paid by consumers) when

9We argue in Section 2.1 that non-substitutability of some inputs in production is justified by the fundamental
laws of thermodynamics such as the material balance conditions and the entropy law.



buying inputs should be equal to his GST payment (the MPRR component of the retail price)
plus the excess of the externality excise paid under the consumption tax over the corresponding
second-best intermediate input tax. The consumption VAT on vehicular services and services of
electrical and electronic devices based on the MPRR principle, automatically ensures that the
demands for electricity, motoring fuel, and road-services (which are derived from the demands
for these former services) are also appropriately restricted in keeping with the equity and effi-
ciency objectives of the government. Thus, for commodities such as electricity, motoring fuel,
and road-services, the MPRR component is shown to be zero, leading to the prescription that
GST on these commodities should be zero, and that any taxation of these goods is justified
purely on grounds of externality correction.

Section 2 provides a detailed description of the model employed in this paper. Three types of
externalities, viz., consumption, congestion, and a fossil-fuel (carbon) externalities, are initially
modelled and the concepts of effective producer and consumer prices are introduced based on
the non-substitutability of some inputs in production and complementarities between some
goods in consumption and production. Section 3 characterises and discusses the structure
of second-best optimal intermediate input taxes, while Section 4 does the same for optimal
consumption taxes. These results are stated in the forms of Theorems 6 and 8, which clearly
bring out the degrees of freedom in choosing commodity tax rates given the linkages between
various goods in manufacturing and consumption in our model. Detailed discussions of these
results, their implications, and some comparisons with real-life commodity-tax policies are
provided in Sections 3.2 and 4.2.1° Exploiting the Nash elements in the definition of a tax
equilibrium, Section 5 derives expressions for the social marginal costs of different externalities.
Section 6 discusses the implementation of the optimal intermediate input and consumption
taxes as a system of (consumption-oriented) VAT with input-tax credits. It derives the second-
best optimal principles for rebating the tax paid by producers while purchasing intermediate-
inputs. The model can be extended along several dimensions. In Section 7, it is extended to
distinguish between two types of subsidy policies (a) Pigouvian subsidies that can be given to
encourage generation of positive externalities emanating from services such as carbon capture
and storage and (b) subsidies given to meet quantity targets for activities such as renewable
energy generation and use of cleaner motoring fuels, which are set by the government to promote

long-run goals such as sustainable development. We conclude in Section 8.

2 The model

2.1 Description of the goods and externalities in the economy.

We begin with a model containing three types of externalities — a consumption externality, a

congestion externality, and a fossil-fuel /carbon externality, quantities of which are denoted by

10The reader can refer to Theorems 6 and 8 and read Sections 3.2 and 4.2 in isolation from the more technical
Sections 3.1 and 4.1.



non-negative scalars zx, z¢, and zy, respectively. There are N basic commodities available for
final consumption. The index set of these goods is denoted by N. These goods can also be used
as intermediate inputs by firms.

Industrial production is governed by fundamental laws of thermodynamics, which dictate
the rules by which material inputs are transformed into outputs.!!' These rules take the form of
chemical equations and other engineering relations that satisfy the material-balance conditions
and the entropy law. It follows from these rules that usage of certain goods as inputs are
not only essential in the production of outputs of certain other goods, but also that the use
of these inputs is highly correlated with the production of these outputs, i.e., increases in
production of these outputs necessarily require increased usage of these inputs.!? For example,
the production of iron (Fe) is highly correlated to the use of iron-ore (FexO3) as an input
(as the chemical equation governing this transformation implies that two moles of the ore are

13" Similarly, the production of thermal

necessarily required to produce four moles of iron.)
electricity is highly correlated to the use of fossil-fuels such as coal, while the production of
cigarettes (respectively, wine) is highly correlated to the use of tobacco (respectively, grapes).
The basic laws of thermodynamic hence suggest that some goods are non-substitutable inputs
in the production of outputs of some goods. Using the language of production theory in
economics, we say that an input is non-substitutable in the production of output of a certain
good if, starting from any technologically efficient production point, increase in the output of
the good necessarily implies an increase in the usage of that input

We highlight below the goods that are associated with generation of the three externalities

mentioned above:

e The consumption externality is caused by a good indexed by | € N, representing a com-
modity such as cigarettes or alcohol. There is a non-substitutable input, indexed by t € N,
which is used in the production of good |. For example, tobacco is a non-substitutable
input in the production of cigarettes, while grapes is a non-substitutable input in the

production of wine.

e A congestion externality (such as reduction in motoring/driving speed) is caused when
services of motor vehicles are employed by consumers and firms in the presence of limited
availability of road services at any point in time. The intensity to which congestion is
caused varies with the size of the vehicles used. Thus, we distinguish between small,
medium, and big-sized vehicles, which are indexed by s,m,b € N, respectively. Road

services are indexed by R € N.

11See Baumgirtner and Arons (2003) for a very helpful discussion on the relationship between the fundamental
laws of thermodynamics and modern industrial production.
12In standard production theory, an input is essential for the production of a good if no output of the good
is produced when zero amount of that input is used.
3 The chemical equation governing the transformation of iron ore into iron, where the energy for the reduction
is provided by carbon in coal is
2 FesO3 + 3C — 4 Fe + 3CO



e A fossil-fuel (carbon) externality is caused when coal or oil are combusted to meet con-
sumption or production needs. Rendering of services by motor vehicles requires fuel as
input. We index such a fuel (say, oil) by 0 € N. While oil can be employed to run
motor vehicles, it can also have non-motoring uses, which we index by k € N. Coal
available for commercial purposes and sold to both consumers and firms is indexed by
¢ € N. Commercial coal is a non-substitutable input in the production of non-renewable
(thermal) electricity (which is indexed by n) and in the production of a w-dimensional
vector of goods such as iron and steel, bricks, cement, pulp and paper (which is indexed
by W= (Wy,...,W,), where w; € N foralli =1,... w).

e The production of refined oil 0 requires unrefined oil, indexed by u, as a non-substitutable
input. Coal is extracted from nature by mining. Coal extracted from the mines is treated
as a non-substitutable input (indexed by V) into the production of commercial coal ¢ that
is sold to consumers and firms. We assume that the goods U and v are inputs and not

final goods that are consumed by consumers. Hence, U and V are not in the index set N.*

e The model includes production of renewable electricity, which is indexed by r, as an al-
ternative to thermal electricity. The users of commercially produced electricity, viz., firms
and consumers, cannot distinguish between its renewable and non-renewable components.

The homogeneous good electricity purchased by them is indexed by e € N.

In what follows, it will often be convenient to use two types of partitions/splits of the index
set N:
(i) N = NU {Wy,...,Wy,0,l,t c e}, where set N contains indices of (N —5—w) goods in N
other than the w + 5 goods Wy, ...,W,, 0, |, t, c, and e
(i) N = ﬂu{s, m,b,K,R,wy,...,w,, 0,1 t c e}, where set N contains indices of all (N—10—w)
goods in N other than the w + 10 goods in the index set {s,m, b, K,R,wy,... ,w,, 0,1t c e}.

2.2 Modelling production.

There are F' firms indexed by f. To allow for intermediate input taxation, for every good i € N,
we distinguish between its usage as an input by a firm and its production as an output by the
firm. An output-input production vector of firm f is defined as y/ = <yé, y}c ) € er, where
y(]; € RTO, y}c € RZ(’ , and M = N + ;. The vector of amounts of different outputs produced
by firm f is given by the 9o = N + 3-dimensional vector!®

/. f I f f f f / f f f N
Yo = <?/wa Yow> You Yor> Yons Yo Yoc: Yoor Your 90u> € Ri°.

M As will be seen later, this distinction between refined and unrefined oil, on the one hand, and mined and
commercial coal, on the other, permits a bigger choice of upstream and downstream taxation of carbon to
contain the externality it causes. See for instance Metcalf (2009).

5We distinguish between vector and matrix notation. The vector notation of a point a € R™ is a =
{a1,as,...,a,), while the corresponding matrix notation is a' = [al as ... an}, where T denotes the

transpose operation.



For example, yéc denotes the output of commercial coal produced by firm f, while yév denotes
the output of coal excavated by firm f.'° If firm f does not produce a particular good, then its
output of that good is always zero.

The usage of different inputs by firm f is given by the 9; = N + 3 +w-dimensional vector!”

F_ /. f / ! / / / ! ) ! ! o f ! ! f ! N
Ur = <ymv Yrs) Y Yoo Y1 Y1re Yiwr Yoo Yrtar Y1er Yo Yiens Yiewr Y100 Yivs yIu> € Ry

For example, y{e is the input of electricity used by firm f during its production. If firm f
processes mined coal to produce commercial coal then gy} denotes its usage of raw coal. We
allow for the possibility that good t can be employed both to produce the externality producing
good | (this input usage of good t is indexed by tl) and other non-externality producing goods
(this input usage of good t is indexed by ta).'® We also distinguish between use of coal in the
non-renewable electricity generating sector (this usage will be indexed by cn) and its other uses
by firms to produce goods Wy, . .., W,, (which will be indexed by the vector cw = (Cwy, ..., CW,)).
Input usage of a good is zero for any firm f if it does not use the good as an input.

The set of technological possibilities of firm f are contingent on the extent of fossil-fuel
and congestion externalities it faces and is denoted by Y/ (2¢, zy) C Rff. In Assumption 1
below, non-substitutability of some inputs in producing some outputs is captured by assuming
that these inputs are required in fixed proportions to produce these outputs.!® Thus, coal is
assumed to be required in a fixed proportion ¢¢, to produce non-renewable electricity n. For
= 1,...,w, ¢cw, is the amount of commercial coal needed to produce one unit of good w;.
Good t is required in a fixed proportion ¢¢ to produce the consumption externality-causing
good I. Similarly, ¢y and ¢, denote the amounts of unrefined oil and mined coal required to
produce a unit each of refined oil and commercial coal, respectively. For i = s, m, b, the amount
of oil demanded per unit distance covered by vehicle type ¢ is denoted by «;, while ayx denotes
the average fuel-intensity of the aggregate non-motoring good K whose use as an input also
requires oil. Similarly, for i = s,m, b, the amount of road-service demanded per unit distance

covered by vehicle type i is denoted by f3;.%°

Assumption 1 Forall f =1,...,F and for all zy >0 and zc > 0, the set Y/ (zc,2y) C R‘f

is non-empty, closed, convex, satisfies input and output free disposability, and *!

16yé % denotes an output production vector whose elements are output quantities of all goods with indexes

in set N.

17y{ % denotes input production vector whose elements are input quantities of all goods with indexes in set N.

8For example, grapes can be be used to produce not only wine but also preserves such as jam or can be
directly sold as a fruit to consumers.

9This approach to model input non-substitutability is motivated by the chemical and engineering relations
based on material balance conditions and entropy laws that govern transformation of material inputs into
outputs during industrial production.

20Congestion externality (such as reduction in driving speed) increases as demand for road-space increases,
while fossil-fuel externality increases as demands for oil and commercial coal increase.

21The technology set Y/ (z¢, zy) satisfies input and output free disposability if (y{),y}c Y € Y7 (20, 2y) and
gjé < yé and g]{ > y}c then (gé,gf> € Y7 (z¢,2y), i.e., if a production plan is feasible under the technology
then it also permits a production plan with no bigger amounts of outputs and no lesser amount of inputs.



y/ = <y£,yf> €Y' (z0,2v) =
Vien = Gention A Uty = owby AN yle= Y awl, A yl> D Bl
i=s,m,b,k i=s,m,b

/\ y{u Z ¢Uyéc /\ y{\, 2 ¢Vyéo /\ y{cwi Z gbwiyéwi V Z = ]., .. 7w.

Thus, for example, if a production plan yf = <y(f), y{ > is feasible under technology Y/ (z¢, zy),
then the amount of coal used as an input by this production plan for producing yén amount of
non-renewable energy (which is given by y{cn) is at least as big as gbcnyén. The amount of oil
used as an input under this production plan is at least as big as the sum of the amounts of oil
required to run big, small, and medium-sized vehicles and the amount used for non-motoring
purposes K >, ¢k gyl

By allowing us to distinguish between input and output uses of any good, the above model
of a technology allows us to distinguish between the input and output price vectors faced by the
producers, and hence permits us to define a vector of intermediate input taxes. The output-
input producer price vector is denoted by p = (po, pr) € R‘;ﬁ, where the vector of output prices

faced by firms is

N
po = {Pox» Pows Pot, Pors Pon, Pol, Poc, Poos Povs Pou) € RYQ

and the vector of input prices faced by firms is

pbr = <p[j/\\[7 Prs, Pim, Pibs Piks PIR, Piw, Prtl, Prta, Ple; PIl, Picns Plcw, Plos Plvs p[u> € R?:{i—

Thus, the vector of intermediate input tax rates associated with the producer price vector
p = (po, pr) € R is defined as the vector n € R"0"? with elements

Ni = Pri — Poi Vieﬁru{wl,...,ww,l,o,v,u}
i = DPrti — Pot Vi=a,l
New; = DPlcw; — Poc Vi=1,...,w

Nlen = Pien — POc

i = Die — Poi Vi=r,n (1)

This is the vector of taxation of transactions between firms in commodities. In particular,
based on the input usages of goods t and c, transactions between firms in these goods can
be differentially taxed. Thus, ny is the tax on transactions between firms producing good
t and firms using this good to produce the externality-causing good |, while 7, is the tax
on transactions between firms producing good t and firms using this good to produce non-

externality causing goods. It also permits different intermediate-input taxation of renewable



or non-renewable electricity (ny versus n,). In this case, all firms purchasing electricity as an
input face a common input price pre. However, prices received by electricity-generating firms
vary (as por or pon) depending on whether these firms are selling renewable or non-renewable
electricity.

The externality-constrained profit maximisation problem of firm f is:

max {povy ~ prv] ’ v = (vbhovl) €Y (20.2v) | (2)
+

The problem can more usefully be redefined in terms of the following vectors of effective producer

prices which are relevant when some inputs are non-substitutable in production of some outputs.

n
po = (Poss POws -+ POw,, POt POrs Pon, POI, Poc: Poos Povs Pou) € RTC = R

= <p0ﬂ7 Pow, — Pew, Prcwss - - - s POy — Pewn Dicwss POts POrs (pOn - Gbcnplcn) ) (pOI - thpltl) )

(pOc - ¢vplv) ) (pOo - ¢uplu) » Pov; pOu>
n _
pr = <p[ﬁ> PIs; PIms PIb, PIks Plwys - -+ Plwy,s Pltas; Ple; p1|> E—i-pIERf ’

= <pm, (p1s + aspro + Bspir) , (Prm + ampPro + BmPir) , (Pro + wopro + Bopir)

(pfk +akplo)7 Prwys -y Plwy,, PIta, Pre, PIl >
Ny,

p = (po,p)) €ERY® + R =R} = R

Thus, the effective (net) producer price of an output that requires a non-substitutable input is
defined as its market price minus the cost of the amount of the non-substitutable input needed
to produce a unit of the output. For example, the effective price of a pack of cigarettes which
requires ¢¢ amount of tobacco is poy = por— ¢tpru- The effective producer price of an input is the
sum of its market price and the costs of the amounts of all other inputs that are complementary
to it. For example, to derive the input services of a vehicle for transportation, complementary
inputs of oil and road services are required. Hence, the effective price faced by a firm for using
the input services from a small-sized vehicle to transport its goods is: prs = prs + aspro + BsPIr-

Given the definition of an effective price vector, we can redefine the externality-constrained

profit function of every firm f as a mapping 7/ : RY” x R2 — R with image®

22 Assumption 1 implies that, while defining the profit maximisation problem using the effective price vector,
we can combine several terms in the objective function poyé — plyf, e.g., po|yé| — pmyfﬂ can be rewritten

as (pol — ¢vou) y& = po|y(f)|, once we note from Assumption 1 that y{tl = ¢ty£|~
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7Tf (;007 Pr, ZC, ZY) =

M Poxys T D Powow,  Poube + Pockios + Postios + Porlbe + Pontion + POD)
+ =1

00y + Poulby — PrYis — Pralita — preYle — PIYN D Prwlie, — > Prili;

i=1 i=s,m,b.k
subject to
y! = <?J(];a y{) €Y7 (z¢,2y), where
y{R - Z ﬁiy{i; y{tl - ¢ty(f)|; y{CWi = ¢CWiyg)W¢ Vi= I, ..., w; y{cn = ¢cnyén§
i=s,m,b
y{O = Z Oély}c’m y{v = ¢Vy£c7 y]fu = ¢Uyéoa (4)
i=s,m,b,k

In what follows, we will be characterising the effective producer prices at a tax equilibrium
and at a social optimum. In this regards, we argue below that (3) implies that several producer
price vectors p = (po,pr) € R‘f are consistent with a given vector of effective producer prices,
p = {po,pr) € Rg:”. Denote the set of all such producer price vectors as P (po, pr) C RY. It is
clear that p = (po,pr) € P (po, pr) if and only if it solves

<Poﬁ, Pot, Por; Pov; p0u> = <poﬁa Pots Por, Pov, ﬂ0u>
<pm, Piwys -5 Plw,, Plta, Ple, p1|> = <Pma Piwiy -+ Plwys Plta, Ple, p1|>
pow, = GewPrew;, = pow, Vi=1,...,w,  pon— PecnPrcn = Pon,
pol — $tpru = pol,  Poc — PvPrv = Poc;  Poo — PuPru = Poo,
pri + aipro + Biprr = pr Vi=s,m,b, Pik + QkPro = Prk (5)

It is clear that, given any effective producer price vector p € R™, the input and output
producer prices of some commodities are uniquely determined (e.g., por and pre are uniquely
determined), while the output and input producer prices of other commodities are not unique
(e.g., pon and pjcn are not uniquely determined. Any non-negative combination of the two that
satisfies pon — GenPren = pon is valid). This also implies that the intermediate input tax vector
associated with any effective producer price vector p € R™ is not uniquely determined. Given

any p € P(p), the solution to problem (2) is the same as the solution to problem (4).

Assumption 2 For all f = 1,...,F, the profit function 7/ is well-defined, takes positive
values, and is twice continuously differentiable in the interior of its domain. Moreover, the

fossil-fuel and congestion externalities are detrimental for the firm, i.e., % <0 fori=C,Y.?

ZNote that if the fossil-fuel and congestion externalities are detrimental for firm f then the set of techno-
logically feasible output-input production vectors shrinks when these externality levels increase: Y/ (Z¢, zy) C

11



In addition, duality theory implies that the profit function 7/ is convex and homogenous
of degree one in p for all firms f = 1,..., F. The index set of goods for which the effective

producer prices are defined (i.e., the elements of vector p € R?:” ) is given by?*

3, == {ON,Ow,...,0w,, Ot,Or,0n,0l,0c,00,0v,0u} |
{IN, Is, Im, Ib, Ik, W, . .., Iw,,, Tta, Ie, I1}. (6)

Employing the Hotelling’s lemma the optimal output supply and input demand vectors of the

firm for goods in index set J, can be expressed as:

0 = (Ul Vs -+ Yo Voo Ve Yo Voo Yo Vs )
= Voor! (po. pr. 20, 2v) € R
ol = (vl vl vl vl ~¥ho vl Yl Ul —vle ~vh)
- Vm?Tf (po, p1,20,2y) € RT’”
v/ = (vh, vf) €R™. (7)

Given the above vector of input demands and output supplies y/, the profit maximising demands
of the remaining (i.e., non-substitutable) inputs are derived from (4).

Following Murty (2013), we assume that the institutional rules of profit income distribution
in the economy partition the F' firms in the economy into G firm-groups G',..., % such that
the profit income of any consumer is a function of the shares he holds in the profits of these
G firm-groups, where the profit of any firm-group ¢ is the sum of profits of all firms in this
firm-group:

119 (po, pr. 2c, 2y ) = Z ' (po,pr,zc,2v) Vg =1,...,G.
feG9
The share of the h" consumer in the " firm-group is denoted by 6. We assume that the profit
taxation power is perfectly aligned to this grouping, i.e., the government can implement G profit
tax rates, one for every firm-group. Murty (2013) showed that, in the absence of externalities,
the above assumptions will imply that production efficiency is true at a second-best optimum.

We explore whether this will continue to be true in the current model with externalities.

2.3 Modelling consumption.

There are H consumers indexed by h. The net-consumption vector of consumer A is denoted
2" € RY. Consumer h’s preferences are represented by a continuously differentiable and strictly

quasi-concave utility function v" : R¥~' x R3 — R with image:*

Y/ (2¢,2y) whenever (3¢, Zy) > (2¢, zy).

24Note that the effective producer prices are not defined for all inputs. For example, they are not defined for
input usage of 0 and R as costs of using these inputs are incorporated in the effective producer prices of services
from various vehicles that use these inputs.

2N\ {0, R} stands for set comprising all elements in N excluding elements 0 and R.

12



T— (x%\{O7R}, 20, 2X, zY) . (8)
In the formulation of the utility function above, it is assumed that consumers derive utility from
all goods in N except oil and road-service. In particular, consumers utility depends on services
of vehicles and other non-motoring goods that require oil and/or road service to function.
Hence, the consumption demands for oil and road-service are indirectly induced by consumer

demands for vehicular services and services of other non-motoring goods. These are given by

h h

h h
ol = el +apal + apap +axal and  af = Bsal + Bual + Bpal. (9)

The utility function shows that consumer preferences are also affected adversely by amounts of
the three externalities in the model, namely, zx, z¢, and zy.
Taking the level of all externalities as given and beyond his influence, each consumer h

maximises his utility subject to the following budget constraint:

DRI oRy T G0 D @al + ar Y Bl < m4m", where

1=s,m,b,k 1=s,m,b

mh = Z (1 - Tg) 031_[9 (pOapIazCaZY)a

g

g € RY, is the vector of prices faced by the consumers and m is a uniform lump-sum transfer
(also called a demogrant) to them. The profit tax rate implemented on the ¢ firm-group is
denoted by 7, for g = 1,...,G. Hence, m" denotes the profit income of consumer h, who owns
shares in different firm-groups. Employing (9), the above budget constraint can be reduced to
the following effective budget constraint define in the space of commodities that directly enter

consumer utility function, namely, N\ {o, R}.

Z (51-:(;? < m+mh
i€N\{o,R}

where
6 =qVieN\{o,R;s;mb,K}; & =¢+ g+ figr Vi=5smb; ok=qg+axgp (10)

Thus, 0 = (dx\{oRsmb,k}>Os: Om; Ob, Ok) € Rf‘Q is the vector of effective consumer prices,
and consumers choose amounts of goods in N \ {0,R} to maximise their respective utility
subject to the above effective budget constraint. The resulting indirect utility function is
uh =vh (5,m +mh, 20, 2x, Zy).

For all h = 1,..., H, we define vectors x" := <x%,x?,m}nﬂ,xﬁ,xﬁ,x@,x?,xé},x?,x?> € Rf_Q
(i.e., x" is the consumption vector z”* purged off the elements corresponding to oil and road-

service). Assuming that A" denotes the marginal utility of money for consumer h, from the
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envelope theorem it follows that the net consumer demands of all final goods other than 0 and
R can be expressed in terms of \* and the derivatives of the indirect utility function:
ng ((5,m + mh,Zc,Zx,Zy) = —\xh

Given the utility maximising demands for the above consumption goods, the demands for the
remaining two goods, 0 and R, can be derived using (9). Given a vector of effective consumer
prices § € Rf ~2.(10) shows that the consumer price vector associated with it is not unique.
The set of consumer price vectors ¢ € R associated with a given vector of effective consumer
prices 6 € RY ™ is denoted by Q (§). It consists of all vectors ¢ € RY that solve (10).

Given a consumer price vector ¢ € RY, and a producer price vector p = (po,pr) € R},
we define the rates of total consumption taxes associated with ¢ and p as the vector ¢t € RV
of differences between prices paid by the consumers and the prices received by producers when

they sell their outputs:2°

¢ = poj+t; VjeN\{e}
Ge = DPre+te (11)

Since the consumer price vector corresponding to a vector of effective consumer prices is not
uniquely determined, (11) shows that the vector of consumption taxes is also not uniquely

determined for any given producer price vector p € R‘_’: + and effective consumer price vector
§eRY2

2.4 A tax equilibrium.

In the context of the current model, a tax equilibrium is defined by a configuration of all effective

prices in consumption and production and other government policy variables

N+N,+G+2
<57/)07p17m>7'17-~77'G7207ZX>ZY>ER 5

such that, for each commodity, aggregate demand is equal to the aggregate supply?’

26Recall, there is no unique output price for electricity as our model permits non-renewable and renewable
electricity producing firms to receive different prices. However, from the purchasers point of view, electricity is a
homogeneous good whether produced from renewable or non-renewable sources; hence they pay a common price.
Here we have adopted the rule that consumption tax on electricity is measured relative to its common input price
pre. This implies that, for electricity, the wedge between the consumer price and producer’s output price is given
by the sum of the consumption tax and the intermediate input tax: ¢; — po; = [¢; — pre] + [Pre — POi] = te + i
for i = r,n. See also Figure 1.

2TThe definition of a tax equilibrium assumes that m” = >, (L —=1g) 931'[9 (po,pr,zy) forall h =1,... H.
Recall also that we have assumed that unrefined oil and excavated coal are not directly demanded by consumers.
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Zx? (57m+mh7ZC7ZXazY) = Z?/?)z (p07pI7ZC7ZY> - Zy?z (907PI72072Y)

h g g
Vie NU{lLo,Wy, ..., Wy}

Zx? (57m+mh7ZC7ZX72Y) = Zy%t (pOapIaZCaZY) - Z Zy?tz (p07p17207zY)

h g g i=a,l

ZZEQ (57m+mh7ZC7ZXyzY) = Zygc pOavazCaZY _Z Z y?m (p07p17Z07ZY)
h

g 1=NWi,...,Wy

ZZEZ (5’m+mh7ZC7ZX7ZY) = Z ZyOz p(%p[aZC'aZY Zyle PO, p17207ZY)
h ie{r,n} g
0 = Zy@i po’p[’zc’zy)_Zylgi(PO7pl,ZC,ZY) Vi=v,u
g g
=7 5 h _ 5 h
2C = C(pOapIa 7m+m)ZC7ZX7ZY)7 ZX_Z’X(7m+maZCaZX7ZY))
Ry = Z’Y (pOapIa(Svm + mh7ZC’7ZX72Y) . (12)
The functions Z¢ : RV — Ry, 2y :RY*2 — Ry, and Zy : R — Ry,

which are defined in the next section, give the levels of the consumption, congestion, and fossil-
fuel externalities generated as a result of choices of various economic agents when they take
the existing level of externalities, all prices (and hence all commodity tax rates), and values of
other government policy variables as given. Thus, the last three equalities in (12) imply that
that the tax equilibrium is a Nash equilibrium in the externality dimensions: The externalities
generated when optimising agents choose their consumption and production plans taking the

levels of externalities z¢, zx and zy as given should also be equal to z¢, zx and zy, respectively.

2.5 Modelling externality generation.

To keep the focus sharp on the issues we wish to explore in this paper, we simplify the analysis by
assuming that externality generation in linearly related to the goods causing the externality.?®
The congestion externality is attributed to the demand for road services by different vehicles

for motoring purposes . It is given by the function®’
20 = Zc(po,pr,d,m+m", zo,2x,2v) = Ur Z Bi [Zl‘ +th] ; (13)
i=s,m,b

where ©Yr > 0 is the congestion-caused (for example, a decrease in driving time) due to an

additional unit of demand for road-service. Thus, total congestion is ¢ times total demand by

Z8Externality generation is also modelled linearly in many policy oriented works, with scientifically deter-
mined coefficients based on the laws of thermodynamics. For example, while measuring the external effects of
chlorofluorocarbons (CFCs), different ozone-depleting factors are associated with different (CFCs) (see Barthold
(1994)). IPCC provides COg2 emission factors of various fossil-fuels.

29With an abuse of notation, in what follows, we will often ignore writing the arguments of the demands and
supplies.
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vehicles for road service.

Similarly, the consumption externality due to good | (e.g., cigarettes or alcohol) is given by

Zx = Z’)( (5am+mh7ZC7ZX72Y) - ¢|leh7 (14)
h

where 1) > 0 is the amount of externality produced per unit of good | consumed.
The fossil-fuel externality is generated when coal and oil are consumed by households and
used as inputs by firms for motoring, non-motoring, generation of electricity, and other purposes.

The amount of the fossil-fuel externality is hence given by

zv = Zy (po,pr.d,m+m" zc, zx, 2y)
_ wo[ T (Zx? +Zyﬂ-) B S TE ST o W
i=s,m,b,k h g h =1 g g

2.6 The welfare maximisation problem.

Let W (ul, Couf ) be an individualistic social welfare function, which is increasing in its ar-

guments. The second-best welfare maximisation problem is the following:

max W(Vl,...,VH)
{67p0 yPITTLs - TGH2CH2 X 7ZY}
subject to
<57 PO, PI, My T1,...,7G, 2Cy ZX, ZY> satisfies (12> (16)

The Lagrangian of the welfare maximisation problem is

L = wW',...,vh— vl Z[L’%—Zyéﬁ‘l'zyiﬂ]— > owu [Zx?—Zyéﬁny{i
h g g h 9 9

i=1,0,W1,...,Wy

Soal =yt DD | e [ - Zy0t+ Y v
h g

1€{NW1i,... Wy} g h ef{l,a} g

Zf = D> i nye - > v [—Zg:y%ﬁrzg:y%]

ie{rn} g ie{v,u}
—c [zc (po.pr,asm+m", 2o, 2x, 2v) — 2¢] —x [Zx (¢, m +m", 2¢, 2x, 2v) — 2x]

—vy [Zy (po, prs @, m+m", 20, 2x, 2v) — 2v] .

where we define the vector of Lagrange multipliers for the non-externality constraints as v =
<Vﬂ, Uwys - s Vs Vts Vey VI, Ve, Vo, Uy, l/u> € RJX”, while the Lagrange multipliers for the exter-
nality constraints are denoted by scalars vx, 7o, and vy. In what follows, we will assume that

the vector

T = <57 M, PO, PI, Ti, -y TG, 2Cs ZX; 2Y, Ijﬁa Wy, Vi, Ve, VN, Ve, Vo, W, Vu, Yo, VX, ’7Y>
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consists of a second-best optimal tax equilibrium configuration along with the values of the
Lagrange multipliers of problem (16) evaluated at this optimum. We further assume that T
corresponds to an interior optimum. From (5), the set of producer price vectors corresponding

to T is P (po, pr). Similarly, employing (10), the set of consumer price vectors corresponding

to T is Q (5)
As is standard in the optimal commodity tax literature, we define the social marginal utility
of consumer h as p" = g%. Recalling that the private marginal utility of consumer A is

h . 9vh
A= S

this measures the increase in social welfare when a dollar of income is given to consumer h.

the social marginal utility of income to consumer h is given by pA\*. Intuitively,

3 Optimal intermediate input tax rates.

We now study the optimal intermediate input tax rates or, equivalently, the optimal rates of

taxation of commodity transactions between firms at the second-best T.

3.1 Characterisation of optimal intermediate input tax rates.

We first derive the first-order conditions (FOCs) of the second-best welfare maximisation prob-
lem with respect to effective producer prices p; for i € J, and the profit tax rates 7, for
g=1,....6%

The FOC with respect to profit tax rate 7, is

—119 ) " Al =0, (17)
h

where, forallh=1,..., Handg=1,...,9,

AZ = 93 PhAn — ﬂ%vmhx% — ﬂwvmhx(fv — D|th:v? — Dthhx? — ﬂcvmhxél — ﬂethxZ

_ —h _ 820 _ 82:)( _ 8Z,y
TIRVimn TR = TCmk X amk Y gmp

is the net social marginal benefit from an increase in income to consumer i due to a unit increase
in net-of-tax profit of firm-group g. The FOC (17) says that, at a second-best optimum, the
net social marginal benefit from changes in incomes of all consumers due to a unit increase in
the profit tax rate applicable to firm-group g is zero.

Under Assumption 2, I19 # 0 for all firm-groups g = 1,...,G. Hence, (17) implies that
>on A’; =0 for all ¢ = 1,...,9. Employing this and recalling (4), it can be shown that the

30Recall the index set of commodities J, defined in (6). Note also that all FOCs are evaluated at the optimal
solution configuration T of the second-best welfare maximisation problem. Profit of firm-group g evaluated at
T is denoted by II9 for all g =1,..., 3.
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FOC with respect to p; for i € J, can be written as

w

oy’ oyl YD
SrY et T X e S ) T,
(2 ]1 (]

jeN Jje{tv,u} g ie{rn} g g
oy oy dy? oy
+ (0= 6) 3 2+ (7 — o) %H%—mm) g %Hﬂo—%m);%
&U[ J ayl Wi 5 ay? ta _ 8y1 e
S TS, 3 Yy e W
JEN g j=1 g g
o @y? Oy 0Zc 0%y
= 2 agmk m) 5L = (ko) G e =0 ()
j=s,m,b
But recalling (7), the FOCs in (18) can be re-written in matrix notation as®!
V;Uﬁ = '_YCVpZC‘F'_YvaZY (19)
where, recalling the definition of y in (7), we have *2
Viy = |[Vivo Vju]=V,0
VZUO = _v;yoﬂ vpyOW prOt prOr vpyOn vpyOI prOC vpyOO prOv vpyOu]
V;—t)] - __V;—y]j’{f _vpyls _vpyIm _vpylb _vpylk _vpylw _vpyIta _vper _prfl]
0= |05 ]
195 = 7731\[— (DW_¢CWDC> Uy Ve (De_ﬁbcnljc) (ﬂl_(ﬁtﬂt) (ﬂc_¢vﬂv> (Do_(z)uﬂu) Wy Du}
v = e Us+ asllo + PR T+ amPo + BmPR Db + Qollo + folR Tk + 0klo D Tt Te D|]
YeVpZe = o Yr Z BiV pyri
1=s,m,b
ﬁvaZ’Y = Yy Yo Z Oéivpyli + Yy e (Z chw,-vpyOwi + d)cnvpyOn) (20)
i=s,m,b,k i=1

The first condition in (20) follows from the Hotelling’s lemma in (7), while the last two condi-
tions follow from (13) and (15).

Note that the equation system in (12) that defines a tax equilibrium is homogenous of degree
zero in ¢, p, and m as net demands of consumers and the supplies and demands of producers are

homogeneous of degree zero in these variables. Hence, the system permits one normalisation.

Assumption 3 The vector of effective producer prices (p) at the second-best optimum Y is
normalised.

3y . —Z% 199 eRY Moy RO
321 = Z _, II9. Note that V,Z¢, V,Zy and VTU are evaluated at the second-best optimum Y.
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Since the vector of producer supplies and demands § = (yo, y;) € R” is homogeneous
of degree zero in p, the vector p lies in the null space of the square matrix V,py evaluated at
Y.33 Since V,h = Vf,pH is a symmetric matrix, p also lies in the null space of matrix VZU.
Hence, the matrix Vth) is not a full-ranked matrix. The following is a common assumption in

the public economics literature with respect to the Hessian of the profit function Vipl'[.34

5

Assumption 4 The rank of the M,-dimensional square matrix VPTU is M, — 1.3

The lemma below, whose proof is given in the appendix, is a consequence of a basic result

in linear algebra.
Lemma 5 If there exists ¢ € R” that solves the linear equation system
Vo9 0 =9V, Zc +y V,Zy
and & # U, then there exists a non-zero scalar k such that
¥ =0+ Rp.

(21)

To apply this lemma to derive the optimal system of intermediate input tax rates of our

model, we define & as the following sum of vectors in R™:

G = Z Y7 + Z 797 + Z&Wf +a", where (22)
7=s,m,b .k j=s,m>b j=1
5,7 = 0 Vi€d, i#j A 6,7 = —Fyha; Vje{Is,Im, Ib, Ik}
67 = 0 Yield, i#£j A &y = —AcUrf; V€ {Is,Im, Ib}
5,0 = 0 Vi€, iA0W, A G5, = Trtebeaw, Vi=1,...,w

With this definition, & solves the equation system (x) in Lemma 5.3 We can now apply the

conclusion of Lemma 5. Hence, applying (21) and using the definitions of ¥ in (20) and & in

33The null space of matrix V1 is the subspace: Null (V,p) := {C € Rj_t”

34See for example, Guesnerie (1995) and Weymark (1979).

35By the fundamental theorem of linear algebra, the dimension of the null space of an n-dimensional square
matrix is n minus its rank.

36This is because, the structures of V;m ¥eV ,Zc, and ¥y V,Zy (as seen in (20)) imply that

v, g:o‘ﬂp}.

Voo o X = vt >0 oV
i=Is,Im,Ib, Tk Jj=s,m,b,k
Voo > 89 = Aevr Y. BiVur
i=Is,Im,Ib j=s,m,b
w w
VZ;—U Z(}CWi = '7Y7/}cz¢cwivpylcwi
=1 i=1
Viga" = 7 v
pNo = Ty YePcV pyon



(22), we have

Vi = KpoiViée NU {t,v,u}, Ue = Rpor,
Vw, — Qew;Ve = FEpow, + Wy VcPew, Vi=1,... w,
Ve — Genlc = Kpon + v ¥cen,
n— ¢tk = Kpol, Ve — iy = EKPoOc, Uo — Gullu = FRPoo,

v o= Rpn VieNu{elLwy,... Wy}, Uy = Rpra,
Ui + oo + Bivr = RKpri — Yy¥oti — YoUrB: Y i=s,m,Db,
U+ okl = Kprk — Yy Polik. (23)

Under the price normalisation rule that sets producer price of one output or input (say, price
of labour, a good with index L € ﬁ) equal to one, (23) implies that k& = 7 ; i.e., if labour time
is the numeraire commodity, then & is its social shadow price. We will interpret the numeraire
commodity as money.

The following theorem, whose proof can be found in the appendix, employs (23) to charac-

terise the set of second-best optimal intermediate input taxes, which is denoted by §2,.

Theorem 6 Suppose Assumptions 1 to 4 hold and we are at the second-best optimal configu-

ration Y. Define the following set of intermediate input tax vectors:

Q, = {neRmO“ =0 VieXNuU{tar}

A <77n7 Tlens Tlew 77v> € Anwev A <77I> 77t|> el A <778a Tb; Tk Mo, TR, 77u> € AsbkoRu}

where

o Anwey 18 the set of vectors (nn, Tw, Ten, New, Tv) € RT3 that solve

v
n + Cbcnncn + ¢v¢cn77v = ?Y c¢cn7

Nw; + ¢cwi77cwi + ¢v¢cwi77v = % c¢cwi Vi=1,...,w. (24)
o Ay is the set of vectors (m,nu) € R? that solve

m+ ¢enu = 0. (25)

so that V] y |:Zi:s,b,k TV Y s mp 0+ 0%+ a—“} =3V 2o + vV, Zy.

20



o Asmbkoru 75 the set of vectors (ns, Nm, b, Tk, Tos TRs Mu) € R that solve

ni + ano + Binr + qipunu = %%Oﬁ + %%«@‘ Vi=s,mDb,

/7
Mk + QMo + akPuly = %Q/Joak- (26)

If pe P(p) and 7 is the vector of intermediate input tazes associated with p then 7 € Q).
Conversely, if 7 € 2, then there exists p € R™ satisfying (5) such that 7 is the vector of
intermediate input tazes associated with p. In particular, if p € R?:, then p € P (p).

3.2 A discussion of Theorem 6.

Two points regarding optimal intermediate input tax rates in the set 2, are worth noting:
Firstly, in contrast to DM, Theorem 6 shows that, in the presence of production externalities
and non-substitutable inputs, optimal intermediate input taxes are not all zero. Rather, they

play the role of Pigouvian taxes in controlling the generation of production externalities by
(i) directly taxing the sale of externality-causing goods®” and/or

(ii) taxing the sale of non-substitutable inputs or the outputs produced by them that are
located upstream or downstream relative to the location of the externality-causing good

in the manufacturing chain that includes the externality-causing good *® and/or

(ii) taxing the sale of inputs that are highly complementary to the use of the externality-

causing goods as inputs in the production process.’

Secondly, the theorem shows that the optimal intermediate input tax vector is not unique,
i.e., the set of optimal intermediate input tax vectors 2, is not a singleton. This is because, the
set of producer price vectors corresponding to the second-best optimal effective producer price
vector p is P(p), which is not a singleton; and every producer price vector in P (p) is associated
with a vector of intermediate input taxes that lies in €2,,. Further, conditions (24) to (26) also
imply that there are some restrictions and, at the same time, considerable degrees of freedom

in choosing optimal intermediate input tax rates.

3.2.1 The manufacturing chain including coal.

To understand the above two aspects of Theorem 6, consider e.g., the manufacturing chain that
includes coal, which is an externality-causing good. As Figure 1 shows, the chain begins with
the mining of coal from underneath the earth followed by its processing and sale to the thermal

electricity generating sector and other sectors producing outputs such as cement, bricks, iron

3TFor example, by taxing coal, oil, or road service.

38To illustrate this, the manufacturing chain containing coal is discussed below.

39T illustrate this, the implication of road service and oil being complementary to the use vehicles by firms
for motoring is discussed below.
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and steel, paper and pulp etc., denoted by wy, ..., w,,. The figure shows various points at which

the carbon externality can be taxed in the manufacturing chain that includes coal.

New,

Pon = Pre — MNn
Por = Pre — Mr

Qe = Pie Tle = Pon *NMnt e

_.®firms
| — " —0— S--e
v cn 0 Na S e 000 TT=~a
\74 C n Nn e te -9
Ny consumers

Figure 1 r

The link between various intermediate input tax rates in this manufacturing chain is de-
scribed by (24). As will be discussed in Section 5, %Y is a money-metric measure of the social
marginal cost (SMC) of the fossil-fuel (carbon) externality. Thus, the right-sides of the two
conditions in (24) are, respectively, the money-metric measures of increases in the social costs
due to the generation of an extra unit of thermal electricity and production of an extra unit of
good W; for : = 1,...,w, all of which employ coal as an input.

For example, 1)c¢cn is the amount of CO5 emission (i.e., the carbon externality) generated
by the amount of coal needed to produce one unit of thermal electricity (which is given by ¢cp).
Hence, %%(jﬁcn is a money-metric measure of SMC of thermal electricity. Since coal is a non-
substitutable input in the production of thermal electricity and ¢¢, amount of it is necessarily
used to produce one unit of thermal electricity, %wcgbcn is also the money-metric measure of
increase in social cost from using ¢cn, amount of coal for thermal electricity generation. Since
Ovden amount of the output of the coal-mining sector is necessarily used to produce one unit
of thermal electricity, %¢c¢cn is also the money-metric measure of increase in social cost from
using ¢yoen amount of the output of the coal-mining sector for thermal electricity generation.
Externality correction requires ensuring that the revenue generated by Pigouvian taxation of
a unit of thermal-electricity is equal to the monetised value of the SMC of thermal electricity.
This revenue can be generated by (i) taxing sale of thermal electricity at the rate 7, or (ii)
taxing ¢¢, amount of processed coal sold to the the thermal electricity-generating sector at the

rate 7en or (iii) taxing sale of ¢ypcn amount of output of the coal-mining sector that finds its

22



way, after processing, into the thermal electricity-generating sector at the rate 7y, or (iv) by
distributing the Pigouvian tax burden, which is equal to the monetised value of the SMC of
thermal electricity, between (i) to (iii) above. The first condition of (24) hence says that the
tax rates 7n, fen, and 7, should be chosen such that the sum of intermediate input tax revenues
collected from the thermal electricity-producing sector, the coal-processing sector, and the coal-
mining sector when one unit of thermal electricity is produced is equal to the monetised value
of the SMC of thermal electricity.

Similarly, production of good W; requires ¢¢y, amount of processed coal, which in turn
requires ¢y¢ew, amount of mined coal. Hence, the second condition of (24) says that the tax
rates fw,, Mew;, and 7y should be chosen such that the sum of intermediate input tax revenues
collected from the sector that produces good w;, the coal-processing sector, and the coal-mining
sector when one unit of good w; is produced is equal to the monetised value of the SMC of good
w;. This is true for all 2 =1, ..., w.

In fact, if the manufacturing chain including coal is longer, for example, if w; is a non-
substitutable input in the production of a new good ¢ with ¢y, q being the amount of good w;
required to produce one unit of good ,*° then a part of the burden of the Pigouvian tax can

also be passed on to sector ¢, i.e., the tax rates 7y, Hw,, few, , and 7y should be chosen to satisfy

_ _ _ _ Ty
Mg + ¢W1q77wl + ¢W1q¢cwl77CW1 =+ ¢W1q¢CW1 vl = ? cPews ¢W1q-

Policy-oriented literature often discusses the welfare-equivalence of upstream or downstream
taxation of externality along the manufacturing chain, while pointing out the administrative
efficacy of upstream externality taxation. For example, Metcalf (2009) argues that, for adminis-
trative ease, a carbon tax should be levied upstream on fuel producers rather than downstream
on fuel users. This is because one expects the former taxable units to be fewer in number than
the latter. Thus, tax should be applied at the mine mouths for domestic coal and either on
the crude oil as it enters the refineries or on sale of various products produced by the refiner-
ies. Similar arguments in favour of upstream externality taxation are also made by Fullerton,
Leicester, and Smith (2010), Mansur (2012), and Barthold (1994). This work hence provides a
theoretical foundation for such arguments.

Theorem 6 also demonstrates that the welfare equivalence of upstream and downstream
externality taxation needs to be qualified. This is because (24) can be viewed as a system of
w + 1 equations in 2w + 3 unknowns, namely, 7y, and fjey, for all ¢ = 1,..., w; 7n; en; and 7.
Hence, there are effectively w + 2 degrees of freedom in choosing these tax rates at the social
optimum Y. For example, (24) shows that w + 1 tax rates fjn, ;- - - , Tlw,, can be expressed as
functions of the remaining w + 2 tax rates fen, Tvs Mowys - - - > Tows, -

Fullerton, Leicester, and Smith (2010) discuss the climate change levy (CCL) in U.K., which

is a single stage excise tax levied on industrial and commercial energy use of gas, electricity,

40For example, cement can be considered a non-substitutable input in the construction industry or steel is a
non-substitutable input in the production of steel utensils.
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and coal. A single tax rate on the sale of coal to different uses, such as to the thermal energy
producing sector or cement and steel industries, is employed. Hence, this can be interpreted as
a case where 7jcn = 7jew, = 7)c for ¢ = 1,...,w. Suppose no tax is imposed on coal-mining, i.e.,

v = 0. In this case, (24) implies

_ WY _

Tn = = cPen — Penlle

_ 9l _ :
T]Wi - ?Y C¢CWZ' - ¢CW»L'TIC v 1= ]_, e 7w.

Hence, the above shows that, if 7. is chosen so that there is a positive tax on thermal electricity
(as is done under CCL), then, in general, the second-best tax structure will also require non-
zero intermediate input taxation/subsidization of other sectors such as steel and cement, which
use coal as a non-substitutable input.

Alternatively, to correct for the carbon externality from coal, it is enough to tax just coal
either at the processing stage or at the mining-stage, i.e., set js =, =0forallt =1,... ;w

combined with

o cither fjen = Tew, = Lpc fori=1,...,w

e or ﬁcnzflcwi:0forz'=1,...,wandﬁv:%Y%
As opposed to the CCL in U.K., a coal excise is levied on mined coal in the U.S. and India.
The coal excise rates in the U.S. depend on the level at which the mining takes place — surface

or underground (see Metcalf (2009)).

3.2.2 Oil, road service, and vehicle use as complementary inputs required for

motoring.

When firms use the motoring services of vehicles as inputs for transportation, then they also
need the input services of roads and a motoring fuel such as oil. But the use of these services
leads to the generation of both carbon and congestion externalities. Figure 2 below shows
various points of taxation of carbon and congestion externality generated when motoring service
from vehicle of size 7 is employed.

Thus, (26) shows that congestion and carbon externalities from motoring that are generated
by firms can be jointly controlled by intermediate input taxation of oil (7,) or motoring services
from vehicles and road (7; for i = s,b, m and 7r) or other non-motoring services that require use
of oil (7). The right-sides of (26) are the monetised values of the SMCs of services from big,
medium, and small-sized vehicles and the monetised value of SMC of non-motoring services that
also require oil. In particular, for i = s, m, b, the former is the sum of monetised value of social
costs of carbon and congestion externalities generated by a unit of service from the i vehicle,
which requires «; amount of oil and ; amount of road services. Hence, the complementarities
between (or the need to simultaneously use) services from vehicle, roads, and oil as well as

the non-substitutability of crude of oil in producing refined oil imply that %Yi/}oai + %ClURﬂi is
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also equal to (i) the monetised value of social cost of using o; amount of oil to drive the 7"
vehicle-type, (ii) the monetised value of social cost of using §; amount of road service to drive
the i" vehicle-type, and (iii) the monetised value of social cost from using «;¢, amount of crude

oil that is required to produce a; amount of (refined) oil to drive the i vehicle-type.

Fori=s,m,b

Motoring service from vehicle of size i

u

Figure 2

Thus, the conditions in (26) show that the correction of externalities of carbon and con-
gestion from use of oil and road services requires choosing intermediate input tax rates 7; for
i=s,mb K 7 7nr; and 7, such that the sum of the Pigouvian tax revenues from taxing
good 17, oil, road, and unrefined oil when one unit of the service from good i is used is equal to
the monetised value of its SMC.

Further (26) consists of four equations in seven unknowns, namely, 7; for ¢ = s,m,b,kK;
Mo; 7r; and 7. Hence, there are three degrees of freedom in choosing these tax rates at the
second-best optimum Y. For example, the optimal tax rates for vehicle use (s,m,b) and non-
motoring service from oil (K) are determined once tax rates 7, 7r, and 7, are pegged. Moreover,
(26) shows that motoring externalities cannot be corrected by only oil and road service taxation
when there are vehicular differences in the extents to which carbon and congestion externalities
are generated. This is because, when 7, = 0 for i = s,m,b, K, then the system (26) is over-
determined (has four equations in three unknowns, 7, 7r, and 7,) and, in general, will have no
solutions. The system (26) also shows that, in principle, differential taxation of s, m, b, and k
alone (with no taxation of oil or road service) is enough to completely correct the externalities
from congestion and carbon. This is true when we choose these tax rates as

_ 2h% ile , ghe
K K K
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Excise taxation of fuel for motoring is widely employed, e.g., motor fuel excise tax on
gasoline in the U.S., fuel duties on unleaded petrol and diesel in the U.K., and central excise on
petrol and diesel in India.*! In addition excise taxes and duties that vary with vehicle types are
also in place, e.g., the gas guzzler tax in U.S., which differentially taxes vehicles on the basis
of their fuel mileage (see, Metcalf (2008)); the vehicle excise duty (VED) in U.K., which is an
annual charge levied on the owners of vehicles based on CO, emissions per kilometres; and the
differential rates of compensatory-cesses (in addition to GST) levied in India on cars based on
their size (length, fuel-type used, and carrying capacity). Levell, O’Connell, and Smith (2016)
argue that the effectiveness of motoring excises depends on the extent to which they allow tax
payments to increase with increase in the vehicle use. In this regards they argue that the VED
is inferior to the fuel excise, as the former is collected as a lump-sum amount every year, while
in the latter case, tax payments vary with fuel usage, which will in turn can be expected to
vary with vehicle use. However, while fuel excise is effective in penalising vehicle usage for CO,
emissions, it is not so effective for controlling congestion externalities as it does not distinguish
between vehicular differences in road service (e.g., road-space) requirement while motoring.
They argue that a road-tax is an effective means of controlling congestion externalities.

In our stylised model, tax payments vary depending on the extent of usage of vehicular
services, measured e.g., in terms of kilometres motored and the tax rates vary across vehicles
on the basis of their size, mileage (fuel per unit of service), and road services requirements per

unit of vehicular service.

3.2.3 On intermediate input taxation of consumption-externality causing goods.

In our model the use or production of consumption-externality causing goods t and | by firms
generate no externalitis. Hence, the right-side of (25), which is the SMC of producing good | is
zero. Since ¢ amount of good t is required to produce one unit of good I, the above also implies
that the social cost of using ¢¢ amount of good t while producing good | is also zero. Hence,
condition (25) says that intermediate input tax rates 7 and 7y should be chosen so that the
sum of intermediate-input tax revenues collected from sectors t and | when one unit of good |
is produced should be zero. Note that condition (25) is consistent with no intermediate input
taxation of both goods, i.e., with 7 = 7y = 0. But it is also consistent with taxation of one of

the two goods and the subsidisation of the other.

3.2.4 No intermediate input taxation of remaining goods and an implicit subsidy

on renewables.

Since goods in NU {ta, r} do not lie in the manufacturing chain of goods that include the
externality-causing goods nor are they complementary to externality generating goods in their

role as inputs, Theorem 6 shows that they are exempted from intermediate input taxation under

4IThe central excise on petrol and diesel seems not to be an environmental levy in India. A VAT at the state
level is also levied on the price inclusive of the central excise. In addition, a small pollution cess with surcharge
is also imposed.
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the optimal commodity tax structure. Thus, grapes purchased for producing non-alcoholic foods
should not be taxed, while it can be taxed if it is purchased for producing wine.

It is to be noticed that there is an implicit subsidy on production of electricity using re-
newables at the second-best optimum. This is because, Theorem 6 shows that the intermediate
input tax on renewable energy 7y is zero (as renewable energy production generates no external-
ities), while it can be chosen to be positive on non-renewable energy, i.e., (24) shows that 7, can
be chosen to be positive.*? Hence, given that all firms face a common input price of electricity
Pre, the price received by renewable electricity sellers por (which is equal to pre — 7y = pre) is

higher than the price pon = pre — 7n received by sellers of thermal electricity.

4 Optimal consumption tax rates.

In this section, we will characterise and discuss the second-best optimal consumption tax rates
and show that these can be decomposed into MPRR and externality-correction components.
The MPRR component is redundant for some commodities such as oil, road service, and elec-
tricity; while the externality-correction components are absent for commodities that are not

associated with externality generation.

4.1 Characterisation of second-best optimal consumption tax rates.

The FOCs with respect to effective consumer prices can be expressed in matrix format as:*3

=Y pNET - > 7y Verl — > [+ b+ BiR] Y Vsl
h h

ieN\{o,R,s,m,b Kk} h i=s,m,b

— [k + k] Z Vs — WCV;ZC — WXVCSTZX — WYVCSTZY =0,
h

Recalling the definition of " in Section 2.3 and employing (23), (5), and (11) the above can

be re-written as**

d vixle = b, (27)
h

42This will depend on how other intermediate input tax rates along the manufacturing chain that includes
coal are chosen.

43Note that in writing the FOCs, we have employed (9). The Jacobian of consumer demand Y, Vsz" is
evaluated at the second-best optimal configuration Y and z” is the consumption bundle of consumer h = 1, ..., H
at the second-best optimum corresponding to Y.

44 This follows because (23) and (5) imply that 7; = Epo; for all i € NuU {t}: e = Rpor = Rbre; tw, =
Kpow, — ’_“Zscw,, Tew; — Rﬁbcwi dui + '7¢c¢cw,, foralli =1,...,w; i) = Kpor — KPtTu ; Ve = KPoc — Kvijy; and Vo =
RPoo—FRdufu. We can then employ (11) to express producer prices in terms of consumer prices ¢ and consumption
tax rates ¢ and employ (10) to express ¢ in terms of 4. Finally, we note that the differentiation of the effective
budget constraint of any consumer h with respect to effective consumer prices yields ZZEN\ {o.R} 51% = —x?
for all 5 € N'\ {o,R}.
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b = DL“TW _zh 4 2 v sZc + —vng + —vgzy

0 = <t_ﬂ, ts + as [to + ¢u7_]u] + Bstr, tm + am [to + Guiiu] + Bmtr, tb + ap [to + duil] + Bptr,
B+ e [fo + il B + G, ow, + o ik — Lo
b G o, + owa Ol — ~Vcbw: b for 11+ Gk, o+ Ol )
(05 0s) Omy by Ok» Bwss -+ Owy» Ot ey @1, Oc) € RYT2 (28)

,H, V]x"is the following (N —2) x (N —

evaluated at the second-best optimal configuration Y.

For every h = 1,... 2)-dimensional matrix that is

Vi = |Vsah Vaak Vel Varl Verk Veal, Vel Vark Vel Vial|.  (29)
Assumption 7 Rank of the (N — 2) x (N — 2)-dimensional matriz >, Vix" is N — 2, i.e.,

the matriz Y, V{x" is full-ranked.*

Noting that

V5Zy = Z (073 Z V(SZE + Q,Dc Z V(;:L'
i=s,m,bk h
VeZx = W Z Vsl + Z Vst
VsZe = Z Bzzvéxw (30)

1=s,m,b

we find that there exist vectors ¢“* for i = s,m,b; <Y for i = s, m,b.k; ¢¥% and ¢ for

i =1t allin RY~2 such that the following hold

> Via %C%ﬁi Y Vir} Vi=smb,
h h
Z%T?c’%y’ 7—Y¢oai ZV(;xh Vi=s,mb,K,
h
PIAZE ng 2
h
Vi = = inéx? Vi=lt
h h

This is because the structures of matrix ), V;xh and the gradients VsZy, VsZx, and VsZx

45The assumption that the Jacobian of consumer demands with respect to prices is full ranked is often made
in optimal tax literature. See for example Sandmo (1975).
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as seen in (29) and (30) imply that we can choose

¢ =0 VjeN\{o,Ri} and qfi:@wpeﬁi Vi=smb
K

JU =0 VieN\foRi  and ' =Dua,  Viesmbk

¢ =0 VjeN\{o,Rc} and gyC:“% c

" =0 VjieN\{o,Ri}  and = Xy, Vi=It (31)

Hence, we have

T h Ci Yi | Yc xi| _ o Vx 00%
zh:véx Do D Y N = V2ot S ViaZi + - Vily (32)

i=s,m,b i=s,m,b,k i=lt

Assumption 7 and (27) imply that g is a unique solution to the linear system of equations

>, Vixlo = b. Given the structure of b (see (28)), (32) implies that there hence exists a

PRR

unique vector t that solves

g = tMPRE | Z i g Z GYiy Yoy gXl (33)
i=s,m,b i=s,m,b,k
such that
- S b Agh .
ngxhtMPRR _ nt _ Z’C ' (34)
h K h

Hence, (33) and (31) imply that

0 = PR vie NU{tew,. .. w,}
o = 426+ Dyga; Vi=sm.b
@k = E]kWPRR‘i"y%wOak

e = Eé”PRR+%YwC

o = tYPRR LX) vt (35)
K

Given 77 € ,, the following theorem identifies the set of optimal consumption tax vectors
at the second-best optimum Y. The proof follows from employing (28) to substitute for g in
(35).
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Theorem 8 Suppose Assumptions 1 to 4 and 7 hold and we are at the second-best optimum

Y. Given 7 € €1, define the following set of consumption tax vectors:

Qt(ﬁ) = {te RN ‘ tl = tzj'WPRR Vi S N‘U {e} A <{Safmafb7fk7£R7EO> € Esm,bk (flu) A

Ew S Ew (77Wa ﬁcwﬁv) AN EI € EI (ﬁl) A Zt S Et A Z?c € Ec (ﬁv) }

where

® Zqmbkro (Tu) is the set of vectors (ts,tm, tp, tr, tr, to) € RE that solve

o= B4 [ e~ te] + 0 [~ to — du] , Vi=s,m,b
t = 8t [%w —to — qbuﬁu] (36)
o =y (7w, TewTv) is the set of vectors t, € R™ that solve
te, = EMPRR 4 %wﬁm — o TTow: — Somdulle Wi=1,...,w (37)
e =\ (1) is the set of scalars t| € R that solve
ho= 74 [;Y?X@Z)I - éf)tﬁtl] (38)
e = is the set of scalars ty € R that solve
o= BTy Dy (39)
o = (1) is the set of scalars tc € R that solve

te = Eé\/[PRR + [/VTI:Q/JC - vaﬁv] (40)

Suppose p € P(p), g € Q (5), 7 1s the vector of intermediate input tazes associated with p, and
t is the vector of consumption taxes associated with @ and p. Then t € (7).

Conversely, supposet € 0 (7) and there exists p € P (p) such that 1) is the vector of intermediate
input tazes associated with p. If q is derived fromt and p using (11) and ¢ € RY | then g € Q (5_)
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4.2 The MPRR and externality excise components of consumption

taxes.

The vector of wedges t between the consumer prices ¢ and producer output prices po can be

decomposed into a non-externality and an externality component:

f o= tMPRE (4 (MPRR) e N\ {o,R}
_. t£\4PRR i tie (41)

where we will call tFRE the MPRR /RST /VAT /GST component of consumption tax ¢; and
t¢ = t; —tMPRE ig called its externality excise component. For reasons to be specified in Section
4.3, we will call ¢, and tg as oil and road excises.

The following corollary to Theorem 8 establishes the links between various externality excises

at the second-best optimum Y.

Corollary 9 Suppose at the second-best optimum Y, we have fj € Q, andt € Q. (7). Then the
second-best optimal externality excises on various goods satisfy

t

%

= 0 Vi eNu{e} (42)

t_ie + ait_o + /th_R + az‘ﬁbuﬁu = @%@DR + O‘igwo Vi= S, m, b (43)
t_s + ato + akPully = ai%wo (44)

ES + ¢v77v = % c (45)

7?33\,1. + ¢cw1ﬁcwl- + ¢cwi ¢v77v = %@Z}cﬁbcwi Vi= 17 S, W (46)
i+ o = oy (47)

o= %X ) (48)

On the other hand, DM’s characterisation of the MPRR follows in conventional way from
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(34) for all commodities in the index set N except 0 and R:*0

ozl
don ZieN\{o,R} a_éitzMPRR B 14 Z A $§L i Z Z 8x?tMPRR x?
h - N b a0 N> b
>on T — K >on ' o TeR) om don !
el h
n e foRr) 0ii @) (49)
B meomgmh Y, ah
h hj
where for all h=1,...  H, e?m is the income elasticity of demand for the j** good in the index

set N'\ {o,R}.

4.3 A discussion of Theorem 8, Corollary 9, and the MPRR.

Theorem 8 demonstrates the additive nature of the VAT/GST and the externality excise for
most goods at a second-best optimum. The consumption tax on a commodity is a sum of
a MPRR component that takes into account equity-efficiency considerations and a Pigouvian
tax component that addresses the externality correction. The latter component is zero if the
commodity is not associated with the generation of externalities, e.g., it is zero for commodities
in N.

In contrast to the above second-best optimal consumption tax structure, real life policies
often employ consumption tax rates that are multiplicative in the MPRR and the externality-
excise components. For example, in many countries such as UK and India, cigarette excise
consists of both a unit and an ad-valorem component, and the VAT /GST is levied as a certain
percentage of the pack price inclusive of the externality excises. This procedure is also adopted

for real life taxation of alcohol and motor fuels.

4.3.1 The MPRR component of the consumption tax.

For any good j € N'\ {0,R}, the component té-WPRR of the consumption tax rate ¢; satisfies the
well-known MPRR in (49), namely, the percentage decline in the demand for good j due to

tj-‘/[ PRE is more (i) the more is the share of people with lower welfare weights

the tax system
(measured in terms of the social marginal utilities of income p*A") in the total consumption of
the good and (ii) the more is the consumption of the good concentrated among people whose

tax payments are less responsive to commodity-tax induced changes in real income. Point (i)

46The common formulation of the MPRR is in terms of percentage reductions in compensated demands for
different commodities (see e.g., Myles (1995) and Atkinson and Stiglitz (1976, 1980)):

99} MPRR h h
don ZieN\{o,R} 75, G - 14 Z ph A i Z Z oz} ¢MPRR xj
o

h - ? h
2o PR M iEN\{0,R} om 2T

where (9, u) ? denotes the j** compensated demand for consumer h. The formulation of the MPRR given here
in terms of percentage reductions in uncompensated demands for different commodities is obtained from DM
(b), p. 268, eqn. 77.
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addresses equity considerations, while point (ii) addresses efficiency considerations.*”

Note also that the theorem does not specify any MPRR components of consumption taxes
for oil and road services, t, and tgr. (See also Figure 2 for the points at which consumers are
taxed for vehicular services used.) No separate MPRR tax needs to be imposed on these goods
since the demands for these goods are completely derived from the demands for goods s, m, b,
and K. Discouraging consumption of these latter goods in line with the MPRR automatically
ensures discouragement of goods 0 and R in line with the MPRR. To see this, consider for
example, the case of oil. Taking equations corresponding to j =s,m, b, K in (34) and summing
up these equations after multiplying both sides of the j equation by «;, we obtain the following
by exploiting the Slutsky equation and symmetry of the Slutsky matrix

P
hxo

sk
>oh ZzeN\{O R} 95; £ 14 Z p Nl Z Z 3% MPRR g
Zh ‘Tg K Z $h h

Thus, MPRR component of the optimal tax structure t#® is such that the compensated
demand for oil is discouraged keeping in mind equity and efficiency considerations. Hence, £,
and tr in Theorem 8 and Corollary 9 can be interpreted purely as externality excises on oil and
road services.

The same argument can also be extended to the case of electricity. Electricity helps in the
functioning of many electrical and electronic devices, from which work is extracted in production
and consumption. If we modify our model to capture this feature of electricity then, as in the
case of oil and road, consumption demand for electricity will be indirectly derived from the
demand for all electrical equipment and electronic gadgets used by consumers. Similarly, the
use of electricity as an input by firms will be complementary to their use of electrical and
electronic devices as inputs. Suppose E;, ... E. is a list of all devices requiring electricity for
their functioning and suppose a unit service from the i* such device requires ¢g, amount of
electricity. In this case, at the second-best T, the consumption and intermediate input tax

rates on these devices and electricity can be shown to be related in the following manner:

t_Ei + Eequi - flEi - Eé{PRR Vi= 17 ) ME; + ¢Eilr]r =0

nE;, + OE, M + PE, Penllen + OE, PenPviy = ,7% chen@E, Vi=1,...,¢

The total consumption of electricity by consumer A is the sum of electricity required to run the

“MPRR _ .
will now

electrical and electronic devices he demands, i.e., 2 = Y% | o, xE The vector t
includes the MPRR tax rates on devices that run on electricity. Since t*7% discourages the
consumption of devices that run on electricity along the lines of the MPRR, it also discourages
the consumption of electricity along the principles of the MPRR. Hence, this argument implies

that, at a second-best optimum, there is no need for a GST or VAT or RST on electricity, if

4"Note that, unlike in MP, this component of the consumption tax is independent of the externality component.
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GST is implemented on devices that run using electricity.

4.3.2 The externality excise component of the consumption tax.

Corollary 9 describes the linkages between the externality excise components of the consumption
taxes and the intermediate input tax rates. For example, the conditions in (43) show that the
monetised value of the SMC (from congestion and carbon externalities) of motoring service
from car of size i =S, m, b is given by Bi%%/)pg + aﬂ%wo. This is also the increase in social cost
from use of a; amount of oil and ; amount of road service used in driving car of type i, as well
as the increase in social cost due to use of ;¢ amount of unrefined oil for producing the refined
oil needed for deriving a unit service from car of type i. Thus, given the intermediate input tax
on crude oil 7, the externality excise rates for consumers ¢ and ¢, should be chosen such that
the sum of the Pigouvian tax revenues from taxing consumers for a unit service consumed from
car of type 1, for the road service and refined oil needed for deriving a unit service from car of
type i, as well as the revenue from taxing the sale of unrefined oil needed to produce the refined
oil needed for deriving a unit service from car of type ¢ should be equal to the monetised value
of the SMC. Conditions in (43) show that use of a few or all of these tax rates is permitted at
the second-best optimum.

Condition (47) shows that consumption externality from cigarettes can be controlled by
either taxing cigarettes or taxing or the use of tobacco for making cigarettes or both.

Note also that (43) and (44) indicate several degrees of freedom in choosing tax rates £f for
i =s,m b k; to; and tgr. As in the case of Theorem 6, consumption taxation of oil and road
service is not enough to combat congestion and carbon externalities of motoring generated by
consumers, when there are significant variations in the types of the vehicles and non-motoring
uses of oil.

Further, Theorems 6 and 8 indicate that externality taxation of many commodities need
not be equal in consumption and production, e.g., to, tr, ty, could be chosen to be different from

o, TR, 1S, Tespectively.

5 Interpretations of Lagrange multipliers vy, vx, and .

From the first-order conditions of the second-best welfare maximisation with respect to zy,
zo, and zx, we obtain the following characterisations of the Lagrange multipliers of the Nash

equilibrium constraints on the externalities:

_ ox; oIl .
Y = — Zuhuz - Z Rtj'wPRRa_; - (ﬂngg Oz ) Vi=CY
h v g !

JEN\{0,R}
_ - 0x;
Vx = - Z uthX — Z Ht;WPRR az] (50)
h JEN\{o,R} X
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For « = X, C|Y, the Lagrange multiplier 4, measures the impact on social welfare of a positive
marginal deviation from the Nash equilibrium constraint that externality ¢ is required to satisfy
at the optimum of the welfare maximisation problem (16). It can also be interpreted as the

net social marginal cost of externality ¢. This is because from (50) it follows that 7, is the
h

Zy

social marginal disutility to consumers from the externality (given by — ), ppu? > 0) minus
the social marginal benefits from the fiscal effects generated by the externality.*® The latter
is the social value of the increase in the commodity tax revenue to the government (given by

> jeN\{oR) /%fj-MPRR gizj) net of the social value of the decrease in profit tax revenue from a unit

increase in the level of the detrimental externality (given by —& > 7,91 > ().49
g 831
Note that the fiscal effects generated by externalities imply that the value of the Lagrange
multipliers 7y, Yo, and x cannot be signed unambiguously. Significant fiscal effects resulting
in an increase in the commodity tax revenue can, in principle, offset the detrimental effects of
externality generation — namely, the increase in disutility to consumers and reductions in profits

of firms. However, if fiscal effects are small, then these multipliers will take positive values.

6 A system of value added taxes with input tax credits.

The optimal intermediate input taxes and the consumption taxes identified in Theorems 6 and
8 can be implemented as a system of VAT /GST with input tax credits, where (i) both producers
and consumers buy goods in the index set N (either as intermediate inputs or for consumption)
at the retail prices ¢ and (ii) producers receive some tax credits for the taxes paid during the

purchase of inputs.

Definition. Suppose (3, po, pr, M, T1, - - -, Ta, 20, 2x, 2y) € RNFWFEH2 g a tax equilibrium.
Let p € P(p) and ¢ € Q(6). Suppose n € RM0*2 and t € RY are, respectively, the vectors of
intermediate input and consumption tax rates associated with p and ¢. Then (n,t) € RYoTN+2
is implemented as a system of value-added taxes with input tax credits if producers face price

vector I' = (T'p, T7) € RT° x R} where

Iy = ¢ VieN\{tc}; Lri = qefori=1g;

I'iei = gefori=nwy, ... Wy; 'y = prfori=uy; I'o = po

and receive the following credits for taxes paid on goods in index set N when they are purchased

48Recall that & is the social marginal value of money/numeraire.

49Recall, that the profits of firms are adversely affected by the carbon and congestion externalities. Such
fiscal effects of externality generation or public good production at a second-best have also been discussed by
Atkinson and Stern (1974) and Bovenberg and Ploeg (1994). Fiscal effects arise because of the substitutability
or complementarity relations between the externality and various consumption goods. For example, the adverse
health effect of cigarette smoking can increase medical expenditures, which may be subject to commodity taxes.
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as inputs:

A; = ¢ —pn VieN\{ct}
Av = q—pri Vi=1La Acj = qe—Prei Vi =NWy, ..., Wy,

In particular, consider the second-best optimum Y. Suppose p € P(p), ¢ € Q(d), and
n € Q, and t € Q, () are the associated vectors of intermediate-input and consumption tax

rates, respectively. Then, (41) implies that for all i € N'\ {e}, we have

Ai = G—prn = (@G —Poi) + (Poi — Pri)
= ti—q = [ )], (51)
while for electricity, A; = te = féw PRE Thus, the input tax credit to be received by a producer
on his purchase of any input (other than electricity) at consumer price, has two components
— the MPRR component of the consumption tax on that good and the difference between the
externality excise paid by the consumer and the externality excise that is due from the producer.
Based on this, Theorem 10 below, whose conclusions follow in a straightforward way, provides

the rates of input tax credits due to the producers on various purchases of inputs.

Theorem 10 At the second-best optimum Y, let p € P(p) and ¢ € Q(J). Suppose j € Q,
and t € Q4 (77) are the associated vectors of intermediate input tazes and consumption taz rates,
respectively. Suppose (i],t) € RMOTNT2 s implemented as a system of value-added tazes with

mput tax credits. Then producers receive the following rates of input-tax credits:

A, = tIPEE vieNU{ew, ..., W,}
A = 6 [t — ) — Biltr —7R] Vi=smb
A = &P — oy [to — 7o) N =1t - =t—1 Yi=0oR,
A = EéWPRR—i-%?/Jt, Ay = ETPRRJr%th—ﬁu = EiWPRR—i‘%(wt-i—%
A = t,MPRRJr%w., A; = Ef:”PRRJrﬁ Vi=nw,..., W,
i

If t;, = 7); fori € {0,R}, then we also have

A, = tMPEE vie {s;m bk}

Thus, at a second-best optimum, producers will not receive full credit on the taxes paid on
goods causing production externalities; rather credit is received on (i) the MPRR components
of the taxes and (ii) the difference between the externality excises paid by the consumer and
that due from the producers. Contrast this with the input-tax credit received in some real-life

systems of VAT, where VAT and externality excises are applied in a multiplicative way, as
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for example in the case of taxation of motoring fuel in UK and India, which imply that the
carbon-externality generating producers will be reimbursed on both the VAT and externality
excise components.

In the case of goods generating consumption externalities (such as goods | and t) , because
producers are not the generators, Theorem 10 shows that the optimal tax credits to producers

include both the MPRR and the externality component of the consumption tax.

7 Extensions.

The model studied can be extended along many dimensions. In this section, it is extended to
incorporate and distinguish between two types of subsidy policies. The first is Pigouvian in
nature that is intended to encourage production of a good or service (such as carbon capture
and sequestration (CCS)) that generates a positive externality, while the second encourages
production of a good beyond its short-run optimal level, with an aim of promoting long-run
sustainable development. Annual budgetary and fiscal plans of the government are usually
based on the current economic and technological environments, and are intended for meeting
not only its current revenue, redistribution, and externality correction objectives, but also for
realising its vision for the future course of growth and development of the economy. If the
latter is one of sustainable development, then some of its current choices of policies may appear
suboptimal from today’s point of view, but may provide incentives to producers to gradually
shift to adopting practices that promote its long-run objectives. Such policies may include
quantity targets for renewable energy production or use of cleaner fuels. Subsidies can be used

as policy instruments for realising these quantity targets through the market mechanism.

7.1 A cleaner motoring fuel with a quantity target.

The set of commodity indexes N is extended to include an alternative motoring fuel denoted
by g (e.g., CNG) that is less emission intensive. To keep the presentation simple and focused,
without loss of generality, we assume that the smaller-sized vehicle can be operated by using

either of the two motoring fuels 0 and g. Services consumed by consumer h of small sized vehicles

h
sg»

perfectly substitutable in consumption with consumer utility depending on total services from

by using oil and CNG are denoted by 2% and %, respectively. If these motoring services are
small-sized vehicles zf, + xf; then, with unequal market prices of oil and CNG, consumers will
choose to consume only the cheaper of the two, with consumption of the other being zero. To
allow the possibility of non-zero consumption demands for both fuels, we assume that consumers
also derive some warm glow (feel good) utility from consuming the more environment-friendly

fuel CNG. Thus, consumer utility is a function of both z + x?g and mé‘g.

h_  ho(.h h hoh
u=u (xN\{O,g,R,so,sg}’ Tso T Lsgs Tsgs 2C5 X5 ZY) :
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The demand for oil, CNG, and road services is derived from the demand for services from

vehicles and from demand for other non-motoring services that use fuel:

ol = agexl + E oy, —asgxsg, and zp = E Bk,

i=m,b,k i=s,m,b

where aso and sy denote the amounts of fuels 0 and g required for a unit service from vehicle
of type s. Similarly, technological feasibility requires that for any firm f, we have y{o =
asoyfso + Zi:m,b* oziy}; and y{g = asgylsg, where ylsZ denotes the amount of services taken
by firm f from small vehicles driven by fuel of type ¢ = 0,9. Suppose ¢y denotes the CO,-
emission intensity of CNG. With this extension to the model, it can be shown that the second-
best optimal intermediate input and consumption taxation of services from small-sized vehicles

satisfy the following modifications of conditions (26) and (36) of Theorems 6 and 8, respectively:

g Yo
Nso + QisoTo + BSUR + aso¢unu = %¢oaso + %Q/JR/BS

Yy Yo
Nsg + Qsgfg + Bsr = 771#90459 + T¢Rﬁs
tso + BstR + Qisolo + Oéso¢u77u = MPRR + ﬁs 7/}R +a so - wo
C Y
tsg + ﬁstR + CYsgtg = MPRR + Bsfy ¢R + Ofsgﬁ)/ ¢g (52)

Given the warm glow effect from usage of CNG, the MPRR components of the consumption

taxes on services of small cars driven by oil and CNG will not be the same, i.e., EQ{ PRRE #*

EM PRR
sg

by the consumption tax system of consumption of vehicular services will vary depending on

That is, the extent of discouragement based on equity and efficiency considerations

the motoring fuel used. Further, given differences in the amount of emission generated by
oil and CNG per unit usage of services from small cars (i.e., given that asthy # sgtly), the
social marginal costs of using oil and CNG to run small cars (given by 2¢)sas, + €4r/;s
and 9pgasg + %CwRﬁs) will differ. In particular, since CNG is a cleaner fuel, one expects
Q5o > gy, so that the social marginal cost will be lower when CNG is used to drive
small cars. Hence, the optimal intermediate input and consumption tax revenues from using
CNG or oil per unit service from small cars (given by the left sides of conditions in (52)) will

+tMPRR +tMPRR -

differ. In particular, lower taxation of CNG is recommended if t, > tyg in addition to

QisotPo > Qisgtg.
Suppose the second-best optimal level of CNG usage at the second-best optimum is yogq. If
a quantity constraint equal to yog is imposed on CNG to promote its usage beyond this level,

then the required tax equilibrium should also satisfy
h ~
D+ D vy > Yoo
h g

where Jog > YJog. If we now solve the welfare maximisation problem (16) with this additional

constraint then, at the quantity-constrained optimum, this constraint is binding (so that the
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value of the Lagrange multiplier of this constraint evaluated at the optimum and denoted by
Wy is positive), and the optimal intermediate input and consumption taxation of services from

small-sized vehicles when CNG is used are modified to

Ty gle; w
Nsg + Qsglg + Bsr = ?wgasg + EQﬂRﬂs - asggg
- gle 2h% w
tsg + asgtg + BstR = té\gPRR + ﬁs?wR + asg?@bg - CYngg (53)

Thus, in contrast to the analogous condition in (52), when there is a quantity constraint on a
cleaner motoring fuel such as CNG, then the intermediate-input tax revenue collected (given by
the left-side of the first equation in (53)) is smaller than the monetised value of the SMC of the
externality generated when a unit of service is derived from the small-sized vehicle run on CNG
(where the SMC is given by %ngasg + %?ﬂR Bs). This provides a price incentive to the firms to
use more CNG. Similarly, to incentivise consumers to use CNG, the consumption tax revenue
collected when a unit of service is derived from small-sized vehicles run on CNG is smaller than
at the quantity-unconstrained optimum characterised in (52). Thus, implementing the quantity
constraint on CNG requires a subsidy equal to asg%, which lowers the market price of CNG

faced by buyers.

7.2 A quantity constraint on renewable energy generation.

Suppose yor is the second-best optimal level of renewable energy obtained by solving the welfare
maximisation problem (16) . Note, it is possible that, at an optimum of problem (16), zero
amount of renewable energy is produced. This will be true if the cost of generation of energy
from renewables is too high relative to the market price por received by its producers. In that
case, profit maximisation by these firms may lead to zero production.

If a quantity constraint equal to at least gog amount of renewable energy production
Z ngr Z gOI’
g

is now imposed and the welfare maximisation problem (16) is solved with this additional con-
straint, then the constraint is binding at the optimum only if yor > yor. It can be shown that

the optimal intermediate input tax on renewables is now given by

where wy > 0 is the Lagrange multiplier of the quantity constraint on renewable energy, eval-
uated at the optimum. Recall that renewable energy is already subsidised at the second-best
optimum Y of the original problem (16) without the quantity constraint. This is because, as
seen in Theorem 6, in this case, the optimal intermediate input tax on renewable electricity

is zero as it does not contribute to the carbon externality, while it is equal to the marginal
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cost of the carbon externality in the case of thermal electricity generation. Now, in addition
to this implicit subsidy, a further subsidy equal to ‘% > 0 has to be given to the producers to
incentivise them to generate the targeted amount of renewable electricity. Thus, the price of

renewable energy received by the producers is now
Wr
Por = Pre + —,
K

where, recall, pre is the common price of electricity (immaterial of the source — renewable or

non-renewable) paid by electricity-purchasing firms.

7.3 Alternative sources of thermal electricity generation and allow-

ing for carbon sequestration techniques.

The model can be extended to allow for technological differences in thermal electricity gener-
ation based on different varieties of fossil-fuels (here coal) used as well as carbon capture and
sequestration techniques. Without loss of generality, assume that there are two varieties of
thermal power plants indexed by n; and ng, each using a different variety of coal (¢; and Cs)
to produce electricity. The outputs of the mining sectors used as inputs into the production
of these two types of coal are v; and Vs, respectively. The fossil-fuel externality can also be
reduced by carbon capture and sequestration (CCS) efforts of firms indexed by S. This modifies

the the carbon externality generation equation to

zy = o [ Z @ <Z xf + Zy§z> + Z Ye; [Z :13& + Zy§cia + ¢c; Zy%m
h g h 9 Y

i=s,m,b,k i=1,2

— Us Z Yis (54)

where ¢ is the CO, emission intensity of carbon of type ¢ = 1,2 and s is the amount of
mitigation of carbon emission done by one unit of CCS effort. The important point to note
is that CCS generates a positive externality for the society. This is because, if CCS level
increases, then (54) shows that the the carbon externality level zy decreases. Hence, since
utilities of consumers and profits of firms are assumed to be adversely affected by fossil-fuel
externality zy, an increase in the total CCS effort by firms implies increases in the utilities of
consumers and the profits of firms.

We can distinguish between firms that are producing and those that are demanding CCS
services (it is possible that a firm both demands and produces CCS). The tax equilibrium is

modified to include the following market clearing condition for CCS:
D_Yos =D _uis =0
g g
If the output and input prices of sequestration are pps and prs, respectively, then the interme-
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diate input tax on sequestration is ns = prs — pos. With these extensions to the model, the set

of conditions (24) of Theorem 6 are modified as follows:

_ _ _ 9 )
Mn; + @ Me;n + Ov, ey = %Wnﬁ% Vi=1,2

s = —%sz <0 (55)

Thus, the above conditions show that, at a second-best optimum, the Pigouvian tax revenue
collected when a unit of thermal electricity is produced by using coal of type ¢ = 1,2 is smaller
for the variety of coal generating lesser emission for every unit used (i.e., with a smaller value
of e, ¢, )

Secondly, a Pigouvian subsidy equal to %’ws is due on efforts towards CCS. This is because
%sz measures the monetised value of social marginal benefits from CCS (which implies carbon
externality mitigation). This subsidy is in contrast to subsidies required to meet quantity targets
that were studied in the previous two sections. Credit for CCS efforts to firms have been
discussed in Metcalf (2009) and Levell, O’Connell, and Smith (2016), who suggest refunding
carbon excise paid by carbon-externality generating firms who also engage in offsetting CCS
activities. In addition, the analysis here supports a market for CCS services rendered by firms

who may not themselves be generating carbon externalities.

8 Conclusions.

The objective of the current work was to develop a stylised model based on some key as-
sumptions to derive some principles for the design of commodity taxes, when they serve the
revenue, redistribution, and externality-correction objectives of the government, and to analyse
and compare some real-life commodity tax policies against these principles.

We begin this concluding section with a few cursory remarks on recent developments in the
commodity tax structure of the Indian economy, which has just switched to the GST, as these
can be contrasted with the results obtained in this paper. Note that, in 2014, indirect taxation
contributed to as much as 67% of the total tax revenue of the Indian government. While five
basic tax rates, viz., 0%, 5%, 12%, 18%, and 28% are implemented under the new GST; there
is a considerable debate over how the goods are to be classified into these four slabs. Public
and business outcry forced the Indian government to change its initial allocation of goods to
various GST slabs, and as many as 178 goods were shifted from the 28% GST slab to the 18%
slab.?® There was also a significant reclassification of goods in the other slabs to lower slabs.
This clearly indicates that the tussle between equity and efficiency objectives of the government
while designing commodity taxation is at play; and that the government has not yet got this

balance right.

50These included some modern-day necessities such as detergents, washing and cleaning preparations, sham-
poos, and electrical wires, cables, plugs, switches, and sockets; while some other necessities such as cement for
construction purposes were retained in the 28% slab.
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There is also a clear conflation of the MPRR and the Pigouvian components of many
commodity taxes. For example, under the new categorisation, the government stated that the
28% GST rate® is reserved for luzury and sin goods, where the latter are associated with
detrimental external effects. In addition, some goods are also subject to compensatory cesses,
which are ostensibly levied to compensate states (India has a federal system) for any losses
in revenue that they may incur during the shift to the GST. However, most goods subject to
this levy are associated with significant external effects, and were already taxed at very high
rates of excise in the pre-GST period. They include goods such as cigarettes and other tobacco
products, aerated drinks containing sugar or other sweetening matter, and coal. Taxation of
alcohol, motoring fuel such as petrol and diesel, as well as electricity was traditionally a state
subject and this continues to remain so, with these goods not being included under the GST,
while motoring fuel is also subject to a central excise. This has meant that firms producing
these goods are not allowed tax credits on the inputs purchased. This has also meant that,
while in some states such as Bihar and Gujarat, there is a total ban on liquor consumption to
eliminate all alcohol related external effects, in others such as Tamil Nadu the fairly inelastic
demand for liquor fetches the state government considerable tax revenue.

These trends are contrary to the results of this paper, which show that the MPRR and Pigou-
vian components of consumption taxes are distinct, serve different roles (the MPRR component
balances equity and efficiency objectives, while the Pigouvian component regulates externality
generation), and are additive at a second-best optimum. If the former is implemented as a
VAT and the latter as an externality excise, then producers buying these goods as inputs at
retail prices would be rebated for the MPRR component, while the rebate on the externality
component would depend upon whether or not the use of these goods as inputs by firms gen-
erates externalities. Further, the paper argues that optimal VAT on goods such as electricity
and motor fuel could be chosen to be zero, as the demands for these goods is indirectly de-
rived from demands for other “VATable” goods and services such as electrical appliances and
motor vehicles whose consumption or usage as inputs requires consumption or usage as inputs
of goods such as electricity or motor fuels. Hence, producers purchasing electricity or motor
fuel as inputs would receive no tax rebates on such purchases. On the other hand, second-best
optimality requires that producers of electricity or motoring fuel should not be denied credit
on the MPRR (VAT) components of the taxes paid during their purchases of inputs at retail
prices. The additive feature of the VAT and excise tax components of a commodity tax at a
second-best optimum is in contrast to the multiplicative structure that is often implemented in
real life, where for many goods such as motoring fuel, alcohol, cigarettes, etc., VAT is applied on
price inclusive of the excise tax. Since producers are to receive credit on VAT paid on purchases
of inputs, this structure could end up rebating producers also on the externality tax paid for
use of externality-causing inputs such as motoring fuel.

The intuitive or heuristic arguments made in the policy-oriented literature on the equivalence

of upstream and downstream taxation of externalities are rigorously proved in this paper under

51'Which is one of the highest in the world.
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the assumption that, along manufacturing chains that include externality-causing goods, some
inputs can be non-substitutable in the production of some outputs. If this assumption were
not true, then taxing an output in the manufacturing chain whose production employs an
externality-causing input may not imply a reduction in the use of this input. For example, if
coal was not non-substitutable (in terms of the definition of non-substitutability provided in
this paper) in the production of cement or thermal electricity, then taxing thermal electricity or
cement with an aim to control COs emissions may not always lead profit maximising firms to
reduce their usage of coal.”> Thus, optimal intermediate input tax rates for many goods are not
independently determined. For example, we have shown that the climate change levies in UK on
thermal electricity and coal imply that such levies are also required on other coal-using industries
such as cement, iron and steel, and paper and pulp. At a second-best optimum, the sum of the
intermediate input tax revenues collected from various sectors located upstream of a given good,
say X, when one unit of good X is produced in a manufacturing chain containing externality-
causing goods, should be equal to the monetised value of the social marginal (externality) cost
of producing good X.

Finally, an observation of the Indian tax system indicates the need for further research that

studies second-best taxation in the presence of externalities in a fiscal-federal framework.>
APPENDIX

Proof of Lemma 5. The lemma is a consequence of a basic result in linear algebra: If A is a
n x n matrix and v € R" solves the linear equation system Av = b, then the complete set of
solutions of the above linear system of equations is given by {v} + Null (A).*

In our case, since p is in the null-space of V;U whose dimension is one, p can be taken to be its
basis: Null (V)y) ={¢ € R™ | ( = xp V k € R}. Hence, given that o is a solution to (x) in
the lemma, the set of all solutions to () is {¢ € R™ | ( =6 + rpV k € R}. The conclusion
of the lemma follows since (19) implies that, at the second-best T, ¥ is a solution to (x). B
Proof of Theorem 6

Part (i) Let p € P(p) and 77 be the vector of intermediate input taxes associated with it.

It follows from (23) that
Poi=pn = i = 0 VieN, Pot = Prta = Ta = 0, Por =pre = 7r = 0.

Since Ue—@yly = Kpoc, We have Ug = ¢yiy+Epoc. Substituting in iy, —dew, Ve = Kpow; — Ty Ve Pew;

52Rather tax-induced reductions in output production could be effected by reductions in inputs other than
coal.

53While there is a literature that studies tax harmonisation in a fiscal federal framework, it abstracts from
the problem of externalities. See e.g., Blackorby and Brett (2000).

1See e.g., Simon and Blume (1994) for proof.
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forall i =1,...,w, we obtain

R]5[Wi - Cbcwi [va’;v + RﬁOc] RﬁOWi + "7Y¢c¢cwi
- Rﬁ]wz- - ¢cwi [stﬁlv + R (pOc - st]jlv)]

- [plwi - pOwi] + ¢cwl- [ﬁ]cwi - ]300] + ¢v¢cwi [ﬁ]v - ﬁOv] % c¢cwi

Ty
I C¢CW1'
K

= Nw,; T ¢cw,- New; + vaﬁbcwi Ny

and substituting in Ve — ¢enc = KPon + Yy YecPen, We obtain

Vg — chn [gbvﬂv + RﬁOc] - RﬁOn + 7Y¢c¢cn B
- p]e - ?bcn [¢vp0v + ZjOc - ¢v]5[v] = ﬁOn - Cbcn]jlcn + %@chbcn

— [p]e - pOn] + ¢cn [ﬁlcn - pOc] + ¢v¢cn [ﬁ[v - ﬁOv] - ’Y?Y cébcn

/i(ﬁOWi - Cbcwlpl cwi) + :}/YwCQSCWi

— h+ ¢cn77cn + ¢v¢cn77v = % c¢cn (56)
nW—¢x = RKpor = K (Por — ¢tbru) = I — ¢tkPot = K (Por — GtPru)

= 1 = Kpol — ¢tk (Pra — Do) = 1 = K (por — ¢tiu) (57)

= Kpn = k(Do — ¢tiu) = M = —Tu (58)

Since Uy — ¢puy = KPoo, We have Uy = ¢yiiy + Kpoo. For i = s, m, b, substituting in 7; + o;7, +

BiVr = Kpri — Yy Yot; — YorG; we obtain

Ui+ qillo + Bilr = Ui + oy [dulu + RPoo) + Bilr
= RPoi + ik [puPou + (Poo — Pubu)] + KBiDor
= 1; + T + Binr + iPuly

Kpri — Yy Yotti — YoUrSi
R (pri + iPro + BiPIR) — Yy Yotti — YoUrBi
PVTY%O@ + PYTC@/JR@

R R

Similarly, we can show that, at the second-best T, we have: 7 + axflo + duily = '_%@boozk.

Part (ii)

Let i € €2,,. At the second-best T, the effective output and input producer price

vectors are pp € RT’JO and p; € R?:"’ . Define a vector p = (po, p;) € R” with elements

Poi = poi Vi€ {J~\f,t, r,v,u}, Pri = pri Vi€ {ﬁ,wl,...,ww,ta,e,l},
Pon = ollen+ Gubelly + pre = ~vcben,  Prv = v+ fov
Poc = @il + dvpov + Poc, Pren = Tlen + Genflv + dupov + Poc; )
Prow, = Tlow, + GowTly+ bou+poc ¥i=1L.w  Pow = prw— Gou (S~ flow — Ak )
Poi = O+ pn, pri = N+ poi, Vi=s,mbk, Py = T+ Pous
PIR = TR+ PoR; Poo = Poo + du (Mu + Pou) , Pro = 7o+ Poo + ¢u (Mu + Pou)

Ifpe R‘_’:, then 77 is the associated vector of intermediate input taxes and p € P (p). B

44



REFERENCES

Adam, S., T. Besley, R. Blundell, S. Bond, R. Chote, M. Gammie, P. Johnson, G. Myles and J.
Poterba (eds) Dimensions of Tax Design: the Mirrlees Review, Oxford University Press, 2010.

Ahlberg, J. A., “Optimal Taxation of Intermediate Goods in the Presence of Externalities: A
Survey Towards the Transport Sector” A Draft, 2006

Atkinson, A. B. and J. E. Stiglitz, “The Design of Tax Structure: Direct versus Indirect Taxa-
tion” Journal of Public Economics 6, 1976, 55-75

Atkinson, A. B. and J. E. Stiglitz, Lectures on Public Economics, McGraw-Hill, 1980
Atkinson, A. B. and N. H. Stern, “Pigou, Taxation and Public Goods” Review of Economics
Studies 41, 1974, 119-128

Barthold T. A., “Issues in the Design of Environmental Excise Taxes” Journal of Economic
Perspectives, 8, 1994, 133-151

Baumgéartner, S. and J de S Arons, “Necessity and Inefficiency in the Generation of Waste: A
thermodynamic Analysis” Journal of Industrial Ecology, 7, 2003, 113-123

Baumol W. J. and W.E. Oates, The Theory of Environmental Policy, Second ed., Cambridge
University Press Boyd, Cambridge, 1988.

Blackorby, C., and C. Brett, 2000. “Fiscal Federalism Revisited” Journal of Economic Theory,
92, 2000, 300-317

Bovenberg, A. L. and F. van der Ploeg, “Environmental Policy, Public Finance and the Labour
Market in a Second Best World” Journal of Public Economics 55, 1994, 349-90

Bovenberg, A. L. and R. A. de Mooij, “Environmental Levies and Distortionary Taxation”
American Economics Review 84, 1994, 1085-1089

Bovenberg, A. L. and L. H. Goulder, “Optimal Environmental Taxation in Presence of Other
Taxes: General Equilibrium Analyses” American Economic Review 84, 1996, 985-1000
Crawford, I., M. Keen, and S. Smith, “Value Added Tax and Excises,” Chapter 4 in J. Mirrlees,
S. Adam, T. Besley, R. Blundell, S. Bond, R. Chote, M. Gammie, P. Johnson, G. Myles and J.
Poterba (eds) Dimensions of Tax Design: the Mirrlees Review, Oxford University Press, 2010.
Dasgupta, P. and J. Stiglitz, “On Optimal Taxation and Public Production” The Review of
Economic Studies 39, 1972, 87-103.

De Borger, B., “Optimal Pricing of Public Final and Intermediate Goods in the Presence of
Externalities,” SESO Report 96/336, Universitaire-Faculteiten St. Ignatius, Antwerp
Diamond, P. and J. Mirrlees(a), “Optimal Taxation and Public Production I: Production Effi-
ciency” The American Economic Review 61, 1971, 8-27.

Diamond, P. and J. Mirrlees(b), “Optimal Taxation and Public Production II: Tax Rules” The
American Economic Review 61, 1971, 261-278.

Fullerton, D., A. Leicester, and S. Smith, “Environmental Taxes,” Chapter 5 in S. Adam, T.
Besley, R. Blundell, S. Bond, R. Chote, M. Gammie, P. Johnson, G. Myles and J. Poterba (eds)
Dimensions of Tax Design: the Mirrlees Review, Oxford University Press, 2010.

45



Goulder, L. H., “Environmental Taxation and the Double Dividend: A Reader’s Guide” Inter-
national Tax and Public Finance 2, 1995, 157-83

Guesnerie, R., A Contribution to the Pure Theory of Taxation, Cambridge, UK: Cambridge
University Press, 1995.

Levell, P., M. O’Connell, K. Smith, “Excise Duties” Chapter 9 in C. Emmerson, P. Johnson
and R. Joyce (eds) IFS Green Budget 2016, Institute for Fiscal Studies, 2016

Mansur, E., “Upstream versus Downstream Implementation of Climate Policy” in D/ Fullerton
and C. Wolfram (eds) The Design and Implementation of U.S. Climate Policy, 179-193, National

Bureau of Economic Research, 2012

Mayeres, 1. and S. Proost, “Optimal Tax and Public Investment Rules for Congestion Type of
Externalities” The Scandinavian Journal of Economics 99, 1997, 261-279

Mayeres, 1. and S. Proost, “Optimal Tax Rules with Congestion Type of Externalities” CES
working paper, Catholic University of Leuven, Leuven, 1994

Metcalf, G. E., “Environmental Taxation: What Have We learnt in This Decade?” in A. Viard
(ed) Tax Policy. Lessons From the 2000s, 7-34, AEI Press, 2009

Metcalf, G. E., “Designing a Carbon Tax to Reduce U. S. Greenhouse Gas Emissions” Review
of Environmental Economics and Policy 3, 2009, 63-83

Mirrlees, J. A., “Optimal Tax Theory: A Synthesis” Journal of Public Economics 6, 1976,
327-358

Mirrlees, J., S. Adam, T. Besley, R. Blundell, S. Bond, R. Chote, M. Gammie, P. Johnson, G.
Myles and J. Poterba (eds) Taz by Design: the Mirrlees Review, Oxford University Press, 2010.
Murty, S., ¢ Production Efficiency and Constraints on Profit Taxation and Profit Distribution
in Economies with Ramsey Taxation” Social Choice and Welfare 41, 2013, 579-604

Murty, S., “Lessons from Optimal Taxation for the GST in India and Beyond” Centre for Trade
and Development, School of International Studies, Jawaharlal Nehru University Discussion
Paper Series No. 17-07, 2017

Myles, G. D., Public Economics, Cambridge, UK: Cambridge University Press, 1995.

Ramsey, F.; “A Contribution to the Theory of Taxation” The FEconomic Journal 37, 1927,
47-61.

Sandmo, A., “Optimal Taxation in the Presence of Externalities” The Swedish Journal of
Economics 77, 1975, 86-98

Simon, C. P., and L. E. Blume, Mathematics for Economists W.W. Norton, London 1994

Weymark J., “A Reconciliation of Recent Results in Optimal Taxation Theory” Journal of
Public Economics 12, 1979, 171-189.

Williams III, R. C., “Environmental Taxation” NBER Working Paper 22303, National Bureau
of Economic Research, Cambridge, MA, 2016

46



	Introduction
	The model
	Description of the goods and externalities in the economy.
	Modelling production.
	Modelling consumption.
	A tax equilibrium.
	Modelling externality generation.
	The welfare maximisation problem.

	Optimal intermediate input tax rates.
	Characterisation of optimal intermediate input tax rates.
	A discussion of Theorem 6.
	The manufacturing chain including coal.
	Oil, road service, and vehicle use as complementary inputs required for motoring.
	On intermediate input taxation of consumption-externality causing goods.
	No intermediate input taxation of remaining goods and an implicit subsidy on renewables.


	Optimal consumption tax rates.
	Characterisation of second-best optimal consumption tax rates.
	The MPRR and externality excise components of consumption taxes.
	A discussion of Theorem 8, Corollary 9, and the MPRR.
	The MPRR component of the consumption tax.
	The externality excise component of the consumption tax.


	Interpretations of Lagrange multipliers Y, X, and C.
	A system of value added taxes with input tax credits.
	Extensions.
	A cleaner motoring fuel with a quantity target.
	A quantity constraint on renewable energy generation.
	Alternative sources of thermal electricity generation and allowing for carbon sequestration techniques.

	Conclusions.

